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PROPER (COLORING OF
SIGNED GRAPHS

Given a s\'jned Smpk > =(v.e*E)
o proper coloring ol 2 is a map
K: V—7 veri]fvir\ﬁ:

¥ K()+K(j)) ¥ 4ijleE?

gh (D) #-K() Y -‘.',d'}e E- .De,(f;m-liou(%slauskt{ Qo's)
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THE SI6NED-SYMMETRIC INVARIANT

Recall Yo (20, %e.. é Loy Aty € Sym
o(eNW'\'HG_

Definijrion I Kuroda &Tsu‘iie] 2021

X5 (- %, %, %, Zx 2__76

khpropen de -L\Vl \H s
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Recan G 21, Xa, .. 2 o) - Xty € §3m,

Defimijrion I Kurodo &Tsu\jie]

XZ Xy, Xo, A, Zx 2__75

khpropen de -L\Vl \Hi s

Whow deoen Unngmcjim Liwe ?
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% Deflinition : The group of sijneol Permu*ahons 8§ is the set of
permutations @ of 7 veriﬁing
(i\=-0(-i) ¥V ieZ.
Given ]f e@[[...,z...xa,x.,..,]], we Say ]f’ s Q
sijneJ symmetric function (and write fe 553"\> if
e |t has bounded degree

’ L(...,X-..'Xo.x“...) = ‘F(---.zv'(-a),Xo, xO"('),...) Vq‘éS@-
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% Definition : The group of signed pecmutations 8§ is the et of
permutations @ of 7 veriﬁing
(\=-0(-i) V ie 2.
Given ]f c Q... %%, %,.7]], we Say fis a
SijneJ S«.,mme-}ric Funch'on (a.nd write ¥€ Ssﬂm) if
» [t has bounded degree
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K (i< K())

:Zi: L

Findtoverted edes ?x+ro vgrfed ep\cjes

io%—(—f."e“fﬂi“ﬂ U L(—)-J*ueriﬁing

k(i) + k() <o K(1) +K(j) >0

sc(K)
—_— ‘XK-‘(',G = A.2 % t
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WHY THiC DEFINITION FOR anc (k)7

, _ (onsider in ‘R‘:I
. Hezr-{{xnxj}:%i.ﬁee} /
r OEP &l

¥ { fo{:ﬁf\;s of? > { N" \146}

Then XG (%)= an = Zx«.-" Lol
hproper  aeN"\ e
Nﬂwc “chambefs
orien{a‘lions} — { }
# ‘ of G of Me
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WHY THIS DEFINITION FOR anc(k)?

Recodd XZ: (%1, %2,...54) < le“. t

h proper

asc(k)
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WHY THIS DEFINITION FOR

- — g ,asc(k)

Recodd XG—(I':XZ-...H,)=LX_ 1

— "'ProPer
Given G = >t

3 Ar=%2
Hes R

e
La=A3
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WHY THIS DEFINITION FOR anc(k)?

N asc(k)
Recold XZ(I"XZ""’”:LXK-{ sc(hk
h proper . Wt

Given G = ey e (k) is constant
c IRB X =2 Qof all +he Oolonnﬁslf\
He< in the came
?)/ — dhamboen
La=A3
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WHY THIS DEFINITION FOR anc(k)?

Recodd XZ: (%1, %2,...54) < Zzh.{_
h proper o Rumank

asc(k)

Given G = e>—o—<— onc(k) 1S constant
Ar=%r | +he wlocings
3 1 fof a J
<R t in the same
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WHY THIS DEFINITION FOR anc(k)?

Recoll X.C_:(x“wa ‘1) =Lxh' tasc(ld
h proper e Romank :
Given G = e>—o—<— onc(k) 1S constant
3 X=X por all the Golorings
i the same

hamben

Totwiton:

&gjm r %

TV. OUR RESEARCH




WHY THIS DEFINITION FOR anc(k)?

Recodd XZ: (%1, %2,...54) < Zzh.{_
h proper o Rumank

asc(k)

Given G = e>—o—<— onc(k) 1S constant
Ar=%r | +he wlocings
3 1 fof a ]
<R t in the same
Mamben
Totwiiiom

Our dafinikion . 05c() bas ¥ QGuyn "’%
SamMmL Propellt(j‘.
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THE ALGEBRA WHERE X5 LIVES
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THE ALGEBRA WHERE X3 LIVES
The bases of SASym ane inde yed ‘oj paL(S
(R, = (K. (“""“'\) whete ReNo and (ai.bi) 3 (0.0)

b - .- br
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THE ALGEBRA WHERE X3 LIVES

The bases of SASym ane inde yed bj S

(R, = (K. ( t:\) whete ReNo ond (ai.5:) % (0.0)

The monomial basis {M(k.))}(m) 'S 3“’“ l°‘1

§ o b 05. bs
M(K )\\ "= zo x'\.'x-u XIS -1s
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THE ALGEBRA WHERE X5 LIVES

The bases of SASym ane inde yed bj S

(R, = (R, ( t:\) whete ReNo and (ai.bi) = (0.0)

The monomial basis {M(m\}(m) 'S 3“’“ l°‘1

Y b 05. bs
M(K M = : x” Xi, A-in o Kis - A

. {AS

M(Z-(:g)) - 7(:9(49(-4 'Z.zz + ’Zé"x,\x..x%»f

O WA
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THE ALGEBRA WHERE X5 LIVES

The bases of SASym ane inde yed bj S

(R, = (K. ( t:\) whete ReNo ond (ai.5:) % (0.0)

The monomial basis {M(m\}(m) 'S 3“’“ l°‘1

? o b 05. bs
M(K )\\ "= Zo x.\tOOX"l XIS -1s

. {AS

_ 2 2 - .
M(Z"(:% = Ao XA A-1q2+ Yo 24x—|X3‘\'~-'
» 4 We con J.Lg{r\g .

Z?Cozxi X :
"< : SQg;jm = Vect { M(Km}
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THE MONOMIAL BASIS OF SQSym

W Tn o 32 DD

Mo (i) Mi(o)
Mo(25
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THE MONOMIAL BASIS OF SQSym

Mo (i) Mi(o)
Mo(90)
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THE MONOMIAL BP«S[S OF SQSLﬁv)

Mo (i)

Xi_"? (Z:{:) = ‘t°):f'\o(;},)] + {4[2_ Mo(?z) + Mﬁl(,‘,) + Mo‘(:u'))] 4. ..
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A CHARACTER\ZATION OF S&S:.va\
e Defirulaom Led fe Q[[...x-..zo.zu...-ﬂ,{for e N
dafrine
Ri(f): -]f( X-i,0,2-(i1)..-. =1%o, 21, ..., Xx=1.0, %i....)
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A CHARACTER\ZATION  OF S&Sﬁ“"

e Defirutiom - Led fe Q[[...x-..zo.zu...-ﬂ,{for e N
dofine

RJ(F)'-'-'F(...X-i.O.Z-(i-l\..-.Z-u.‘Xo.'Zl ..... Xia.0, %)

o ProPoSi'HO‘V\ (Pmalog to [NST24) Ap)r &ngy
let fe Q[ x-1.%.2...7) of boonded deopee

JFéSQSqu & Ri(f)= R-iﬂ(t) Vie N
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A CHARACTER\ZATION  OF S&S:’M

e Defirutiom - Led fe Q[[...x-..zo.zu...-ﬂ,{for e N
dofine

Rj({f):]f(...x-s.o.x-u-.\....z-..xo.x. ..... Xia.0, %)

o ProPoSi'HO‘V\ (Pmaloﬂ to [NST24) Ap)r &ngy
let fe Q[ x-1.%.2...7) of boonded deopee
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A CHARACTER\ZATION  OF S&Sﬁ“"

e Defirutiom - Led fe Q[[...x-..zo.zu...-ﬂ,{for e N
dofine

RJ(F)'-'-'F(...X-i.O.Z-(i-l\..-.Z-u.‘Xo.'Zl ..... Xia.0, %)

o ProPoSi'HO‘V\ (Pmalog to [NST24) Ap)r &ngy
let fe Q[ x-1.%.2...7) of boonded deopee

JFéSQSqu & Ri(f)= R-iﬂ(t) Vie N

-Coroﬂanj'- S&SHM 1) QJL?Q(SKC\
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THE SEQUENCE OF DIMENSIONS

I SQSglmd are the lv\omoﬁeneous Sianed sc1m«\x+ric
funcﬁons of olesree o
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THE SEQUENCE OF DIMENSIONS

I gQSglmd are the lv\omoﬁeneous Sianed s«,mm-}ric_
funcﬁons of olesree o

oum (Sngﬁq) = H# {(K (&‘ ::)) . k+§;:_ai+|o.' = d}

- i__ ) f (Ci+4)

k=o ced-k 7'
c= (Cl---CP)
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THE SEQUENCE OF DIMENSIONS

I SQSglmd are the lv\omoﬁeneous Sianed s«,mm-}ric_
funcﬁons of olesree o

oum (Sngﬁq) = H# {(K (&‘ ::)) . k+§;:_ai+|o.' = d}

- i ) f (Cist)

k=o ced-k 7!
C= (Cl---CP)

And Hhe generoding funchion 18 5 dim (5Sm) &= ="

d2o 1+4t 4 2t
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THE FUNDAMENTAL GENERATING FAMILY

We want o define the oJaments of the fundamentel
basis as enumerators of Sijneo[ chains (Roinun)
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THE FUNDAMENTAL GENERATING FAMILY

We want o define the oJaments of the fundamentel
basis as enumerators of Sijneo[ chains (Roinun)

(Pw) =
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THE FUNDAMENTAL GENERATING FAMILY

We want o define the oJaments of the fundamentel
basis as enumerators of Sijneo[ chains (Roinun)

(F.V\)) - :.r_-'(ﬁw) = E x"l.\ X-I.Z YI.B

0S 1< 12513
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THE FUNDAMENTAL GENERATING FAMILY

We want o define the oJaments of the fundamentel
basis as enumerators of Sijneo[ chains (Roinun)

] _ ) -—+
(Fw) = -T(ﬁw) = S X-i, Xy i3 = I’{n",

0 11< 1< 13
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THE FUNDAMENTAL GENERATING FAMILY

We want o define the oJaments of the fundamentel
basis as enumerators of Sijneo[ chains (Roinun)

i _ --+
_T(ﬁw) - X-i, X, %3 = T{“’

0S 1< 12513

(Pw) =

F:= ){enumercﬁors of sijned dr\ouir\s}
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THE FUNDAMENTAL GENERATING FAMILY

We want o define the oJaments of the fundamentel
basis as enumerators of Sijneo[ chains (Roinun)

- N — . o
(Fw) = -T(ﬁw) = S X-i, Xy i3 = T{n",

0€11< 1213

F:= {enumem‘Tors of Sijned dnouiﬂs} . Frog>osi4im1

The col\OWi f\ﬁ (e\a-l-,'(m
holds:

10§
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THE FUNDAMENTAL GENERATING FAMILY

We want o define the oJaments of the fundamentel
basis as enumerators of Sijneo[ chains (Roinun)

i _ --+
_T(ﬁw) - X-i, X, %3 = T{“’

0S 1< 12513

(Pw) =

F:= {enumercﬁors of sijned dr\oui'\S} . Frog>osi4im1
The col\OWif\ﬁ (e\a-l-,'gy\

We know how 1o holds:

extr_o\-c‘t a basis | i_'_ i: GF+ E
FeF 0
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A FORMULA FOR X3
T'neorem: éiven Q oUrec{ec! signe.cl 3raP"\ Z on d \IEH‘[&S

[Aval, M] Xi’ (X;H = Z-E s (T)'Tbsasz(o-)
eSS
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A FORMULA FOR X3
Tlneorem: éiven Q oUrec{ecl signe.cl 3raP"\ Z on d \IEH‘[&S

. P Sqn ()
[Aval, M] XZ (Xiﬂ = Z% e (T).TDEﬂSZ(O')

e S ::j:
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A FORMULA FOR X3
Tlneorem: éiven Q oUrec{ecl signe.cl 3raP"\ Z on d \IEH‘[&S

P Sqn ()
[Aval, M] Xf (Xiﬂ = Z% e (T).TDEﬂSZ(O')

e S6
T |invg ., | sgn(T) | (8, 7) —rank | DESz(r) @

2112 3 ++ 1234 {0,1}
1221 2 oo 1223 {0,1}
2112 1 +-— 1234 {0,1}
2112 | 2 —+ 1223 {1}

2112 2 - 1234 {0,1}
1221 1 4 1223 {0,1}
2112 0 —— 1234 {0,1}
1221 1 — 1223 {0}
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A FORMULA FOR X3
Theorem : biven a direcied 5ig ned 3""P"‘ 2 on d vertias

P Sqn ()
[Aval, M] XE (Xiﬂ = Z% e (T).TDEﬂSZ(O')

e S6
T |invg ., | sgn(T) | (8, 7) —rank | DESz(r) @
2112 3 ++ 1234 {0,1}
21| 2 ++ 1223 {0,1} X_, (X ; ‘l’. I"“ 3t
2112 1 +-— 1234 {0,1} Z
212 | 2 = 1223 {1} [ ]
72| 2 - 1234 [0,1} {o.ﬂ, T“ '} it
1221 | 1 - 1223 {0,1} --] --
+
2112| 0 e 1234 10,1} {2 T”" 'y ]-—;ﬁ T“’"}
1221 1 — 1223 {0}
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A SYMMETRY RESULT

When o\oes Xf(’_‘_rl:) ga'hs{.'t{ S-‘ronﬁer Sn[mme‘l'rut
c,or\aU'l‘ionS?

I . OVUR RESEARCH



A SYMMETRY RESULT

When o\oes Xf(’_‘_rl:) ga'hs{.'t{ S-‘ronﬁer Sn[mme‘l'nt
cmndiﬁons?

When does X3 (x:1) e SScfmf’C]?

TL. OUR RESEARCH
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A SYMMETRY RESULT

When o\oes Xf(’!_rl:) ga'hs{.'tf S"ronjer Su[mme‘l'rw.(
c,or\aﬂﬁons?

When does X3 (x:1) e SSL{MH]?

. Theotem [ Aval, M ]

XZ\) (X, S ggjm H]
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