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Phase transition

If t Is a deterministic inPnite tree (e.g. line or binary tree)

X = number of outgoing cars

| Subcritical : X <! almost surely.
| Supercritical : X = ! almost surely.

We can debne a Ophase transitionO for bnite but large trees (see later)
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Case of the line

OTrivialO phase transition: alwayslat= 1 whatever the distribution.
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And on random trees ?

' Fix t = T, a BienaymebGaltonbWatson tree conditioned to have
vertices with & spring distribution

!!
| = "k aperiodic with mean 1 and Pnite variante.
k=0

! The car arrivals on each vertex are independent.

I The law of the car arrivals only depends on the degree of the verte:
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Phase transition on critical random trees

Building on [Curien, Henard 2019]

Theorem (C. 2020)

We observe a phase transition which depends only on
I =@ ! )2 "2+ 12ty or b =1 ("2
subcritical | critical supercritical
' >0 ' =0 l <0
#(T,) whenn" # Pnite on) | $cnwithc>0
E[#(T)] < # = # = #
|Cmax(n)| whenn " # % Alog(n) ? $ CnavecC > 0
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Location of the transition in the binary case

Take t the inPnite binary tree. LeG be the generating function of the law
L of the car arrivals.

Theorem (Aldous, C., Curien, Henard, 2022)

Suppose there exists
|

te=min t! 0, 2(G(t)" tG'(t))? = t°G(t)G"(t) .
The parking process Is subcritical iIf and only If

(tc" 2)G(te) ! te(te" 1)G'(te).

In the generic situation, the timé; exists.
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And for supercritical
RANDOM trees ?



¥ Consider a BienaymZNGaltonNWatson tree " with geometric

offspring distribution
+H

0= 9(1$ 9"
k=0
with q > 1/2.

¥ Again, we denote by X the number of outgoing cars.

| Subcritical : Xis almost surely Pnite.

| Supercritical : Xisinbnite assoonan " is inpnite.
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Sketch of proof: combinatorial decomposition

| Decomposition of the Pnal conbguration into clusters of parked car:
| Prerequisite: Enumeration dfully parked trees

We denote by
pi = P(the root is empty) and

py = P(X =0 and the root Is parked)

FGY) = WOXYF
n%0 p%0 t&FPTP
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¥ We obtain a collection of equations:

) = (1% q)G0)
1$q(p +p)

_ 13 gp - q(1$ g)

=Ty T (as )
) = (1% q)G(0)
13 gp q(1$ q)
1$q(p+ q I:((1$0||0)2’O))
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¥ Good News : Linxiao has already enumerated the fully parked
trees! (Expressiorfor the function F)

¥ Bad news: the previous equation does not characterize the
subcritical regime

¥ Solution: in the subcritical regime, we have! (X< # ) =1

The parking processis subcritical if and only if there existsa
positive solution p to the equation

1% gp q(1$ q)

+F 1, +p=

s ( (1$gp)?2")




Theorem (Chen, C., 2024)

Suppose that there existls, such that
te :=inf{t > 0,(G(t)! tG'(t))? =2t°G(t)G"(1)}.
Then the parking process is subcritical if and only if

tcG(tc)
| (tc)?

where! (y) = (y +1)G(y)! y(y! 1)G'(y).

tc>1 and g(l! q),




Thankyoufor

your attention !




