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What is an irreducible metric map?

embedded graph
face = disk

length of face
= degree

&
e

.g. g=0 k=1
-> disk wlperimeter

=8



What is an irreducible metric map?

#th = length of the shortest
closed path

&
e . g. girth (m) = 3
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if its girth &

and the closed paths of lengt=q are faces

M
3-irreducible map

-e . g.



What is an irreducible metric map?
Bouttier
Guitter" 13

3-irreducible map 3- irreducible map

girth = 5

girth IS

length =5 closed paths = faces
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Enumeration
   - IRREDUCIBLE MAPS

2-irred. girth 4 4-irred.

&
&

↳ O-irreducible maps = maps



Enumeration
   - IRREDUCIBLE MAPS

2-irred. girth 4 4-irred.

&
&

&
↳ Use results on enumeration

O-irreducible maps = maps
of maps

# these substitutions



Enumeration
   - IRREDUCIBLE MAPS

↓.

Boutier , E. Guitter (2013)

g=0

①

forbid faces of length 214-1)

Use generating function of - irred maps
add disk girth 29L

With a marked face of lengthand pe er 29



Enumeration
   - IRREDUCIBLE MAPS

2-irred. girth 4 4-irred.

rL

- -

rooted plane rooted map wlone face

tree of length
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add disk of girth
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Enumeration
   - IRREDUCIBLE MAPS

↓.

Boutier , E. Guitter (2013)

g=0

①

forbid faces of length

add disk of girth
and perimeter

girth = disks are either

girth 2 disks or trees



Enumeration
   - IRREDUCIBLE MAPS

↓.

Boutier , E. Guitter (2013)

g
=0

L

=> =

-



Enumeration
   - IRREDUCIBLE MAPS

Bouttier
g=0 Guitter 113

g>0 Budd 120

T

Polynomialon [13 and
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map wh vertices of

degree 23 and positive real

lengths on
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What is an irreducible metric map?
Kontserich
192

map wh vertices of

degree 23 and positive real

lengths on
its edges



What is an irreducible metric map?

T. Budd
'22

5-irred . map q-irved .

metric

map



What is an irreducible metric map?
go

·
A .Casto

thisork
T. Budd ,

metric map to appear q-irred metric

map



Enumeration
IRREDUCIBLE METRIC MAPS From maps (discrete)

T . Budd (2022)

- ired map - irred

menic map



Enumeration
IRREDUCIBLE METRIC MAPS From maps (discrete)

- irred .map-irred menic map



Enumeration
IRREDUCIBLE METRIC MAPS From metric maps (continuum)

T.

Budd , A . Castro (to appear

- irred metric map

-



Enumeration
IRREDUCIBLE METRIC MAPS From metric maps (continuum)

- irred metric map

- menic map

(q=0

&

-



Enumeration
IRREDUCIBLE METRIC MAPS From metric maps (continuum)

-

-

remove-



DISK FUNCTION metric maps C . Itzykon , J. B .
Zuber (1992)



DISK FUNCTION metric maps C . Itzykon , J. B .
Zuber (1992)

string equation

Eu : solution to shing
-

equation



DISK FUNCTION metric maps C . Itzykon , J. B .
Zuber (1992)

Generating function
of

metric maps
w/one

marked boundary
DISK FUNCTION



HALF-TIGHT CYLINDERS

~
-

Cylinder
generating generating

↑ function function of m .

m .

w/

I marked face (l) 1 marked face (e)

1 unmarked face (Pl 1 marked ventex . (p)

Euler-characteristic

(1 = (F(m))-
M (



HALF-TIGHT CYLINDERS
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.Bouttiev

p E. Guitter

l l a . Miermont

P 12022)

tight T
.

Budd .

- non-tight
B.Zonneveld-

(2023)



HALF-TIGHT CYLINDERS
Y

&
&

6
J

.Bouttiev
E. Guitter

l · l a . Miermont

P 12022)

-light T
.

Budd .

& &
non-tight

B.Zonneveld-
(2023)



HALF-TIGHT CYLINDERS

Substitute-

T
.

Budd .

B.Zonneveld

(2023)



DISK SUBSTITUTION / SUBTRACTION
Use

to solve

-



DISK SUBSTITUTION / SUBTRACTION

-

- P

l

= ↓
#

with



DISK SUBSTITUTION / SUBTRACTION

with

↑ &
-



DISK SUBSTITUTION / SUBTRACTION

to solve

obordq



DISK SUBSTITUTION / SUBTRACTION

(EM)

Since x'" (Eul =0 and X' = 0



DISK SUBSTITUTION / SUBTRACTION

#

-
forbid
disks of

perimeter y [q



EXAMPLE Mild

Consider a q-irreducible menic map. u(er)

M(e) ules) ulla)

string equation Mlly



EXAMPLE



EXAMPLE

I



IRREDUCIBLE METRIC MAPS so far…

string equation

num

Generating function

q



IRREDUCIBLE METRIC MAPS so far…

?

string equation

num

Generating function

q

go



MOMENTS for menic maps. C . Itzykon,
J. B. Zuber

(1992)

topological
recursion



MOMENTS

~



IRREDUCIBLE METRIC MAPS T.
Budd (2022)

Generating functions T
. Budd

Hg A .
Castro (2025)



IRREDUCIBLE METRIC MAPS T.
Budd (2022)

T
. Budd

A .
Castro (2025)

⑪



Relation to hyperbolic surfaces
Weil-Petersson volumes Mirzakhani (2005)

2k

Polynomials in
EliBiz



Relation to hyperbolic surfaces
Weil-Petersson volumes

Kaufmann , Manin

Zagier (1996)

M(l)

u((z)

M((z)



Relation to hyperbolic surfaces
Weil-Petersson volumes

Kaufmann , Manin

Zagier (1996)

↑

Generating function

String equation

Disk function



Relation to hyperbolic surfaces
Weil-Petersson volumes
Hyperbolic surface

·

q-irred. metic map
& ·

t

a



Relation to hyperbolic surfaces
Weil-Petersson volumes



Relation to hyperbolic surfaces
Weil-Petersson volumes

T.
Budd (2022)

T. Budd
(2025)ACastro
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TO-DO in Math
volumes oog)
T

. Budd
.

D C C
a

algebraic
topology

T. Budd .

E combinatorial Kontsevich
/geometric

A . Castro Witten .

* X

-----------
Y

f



TO-DO in Physics quantum field theory

-

-

---
-

-

-

-
-

-
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-
-
-fi
:

-

-
-

--1 /
-

--
-

- -
-fi
:



TO-DO in Physics string field theory Zwiebach

(1991)

oo
D CI
-

a

- -
non-contractible

cycles.?G F irreducibility
in this talk



TO-DO in Mathm
merci !



MOMENTS Does substitution work here ?

--
[le , En) U

+Cl ,En



TO-DO in Physics
Saad
ShenkerJT gravity Stanford

(2019)

=

Zirumpet WWP(b)[m]->WI42)[]

statistical model↑ g
coupled to

irreducible menic

maps ?



Topological gravity
(Or Witten’s conjecture)


