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are we considering?

walks in N rooted planar maps 3-constellations

o

A set of discrete objects, s : A — N size function s.t.
#{a€ A|s(a) = n} < 4oo,forall neN.
Define the generating function

F(t)=> @  eql]

acA
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Toy example: algebraic equation for binary trees
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Toy example:

Fer € Q[[t]] generating function of binary trees, counted by the number of internal nodes

FBT(t) =1+t FBT(t)2.
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Toy example:

Fer € Q[[t]] generating function of binary trees, counted by the number of internal nodes

FBT(t) =1+t FBT(t)2.

A—{o}uﬂ

Fer(t) = Z P ( )t" Catalan number
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rooted planar maps

F(t,u) =1+ tu (uF(t, u)® + 7"““‘;):1”*’1))

o fixed-point in F ~» unique solution in Q[u][[t]]
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o fixed-point in F ~» unique solution in Q[u][[t]]

3-constellations
F(t,u) — F(t,1)
=1
F(t,u) — F(t,1) — (u—1)0,F(t,1)
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rooted planar maps )

fixed-point in F ~ unique solution in Q[u][[t]]

3-constellations

A o) =04 t“("—(ff u)® + (2F(t,u) + F(t, 1))%
F(t,u) — F(t,1) — (u—1)auF(t,1)
- (u—1)2 )

hard particles on planar maps

= F(t,u)—F(t,1)
F(t,u) =x—y+ G(t,u) + tu(uF(t, u)? + %)
G(t,u) = y-l—tsu(F(t u)G(t, u)+%)
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How to relate these combinatorial objects to such equations?

rooted planar maps
F(t,u)=1+ tu(uF(t, u)? + M) [Tutte '68]

u—1

/
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an := # {planar maps with n edges} S ant” generating function
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1 refinement 1 refinement
ap,q = #{planar maps with n edges, o)
5 F(t,u):= > Z a, qudt" complete generating function
d of them on the external face} n=0 d=
\ J \ J
/ -
. — F(t,1) =3 ant”
n=0
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functional equations

Algebraic

Rational

146t
1-2t+5t2

(1—1t)5 — (1+2t)3

5/22



functional equations

7

In this talk
Solving = Classifying the initial series F(t, 1)
+ Computing a witness of this classification

(e.g. R €Q[z,t]st. R(F(t,1),t) =0)
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functional equations

7

In this talk
Solving = Classifying the initial series F(t, 1)
+ Computing a witness of this classification

(e.g. R €Q[z,t]st. R(F(t,1),t) =0)

Algebraic \
Rational Going back to our planar maps...
1i6t F(t,1) = 1+ 2t + 9t* + 54t + 378" + - - € Q[[t]]
1oaees annihilated by R = 27t22% + (1 — 18t)z + 16t — 1 € Q[z, ]
(1—t)5 — (1+2t)% From R:
e (Recurrence) ap =1 and (n+3)asr1 —6(2n+1)a, =0,
3"(2n)!

e (Closed-form) a, = 2n(n+2)],

12"
Vrns'

e (Asymptotics) a, ~ 2 when n — 4o0.
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of the talk

Objectives

Introduce so-called Discrete Differential Equations (DDEs),
o Determine the nature of the solutions of DDEs,
e Decidability result: algorithms for computing a witness,

o Complexity analysis: quantitative estimates.

6/22



of the talk

' N\

Objectives

e Introduce so-called Discrete Differential Equations (DDEs),
o Determine the nature of the solutions of DDEs,
e Decidability result: algorithms for computing a witness,

o Complexity analysis: quantitative estimates.

Plan

| Perform the above points for DDEs
[Bousquet-Mélou, Jehanne '06; Bostan, Chyzak, N., Safey El Din '22;
Bostan, N., Safey El Din '23]

Il Perform the above points for systems of DDEs [N., Yurkevich '23]
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Objects of interest:

e B

Definition
Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Q[u][[t]], and
where for £ > 1 we define A = Afo A,
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Objects of interest:

e B

Definition
Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Q[u][[t]], and
where for £ > 1 we define A = Afo A,

Going back to our 3-constellations... Theorem
F(t,u) — F(t,1) [Bousquet-Mélou, Jehanne '06]

v _ L The unique solution in Q[u][[t]]
+ F(t,u) — F(t,1) — (u—1)0uF(t, 1) of (DDE) is algebraic over Q(t, u).
(u—1)

F(t,u) =1+ tu(F(t, u)® 4 (2F(t, u) + F(t,1))

J

~~» Constructive proof =—> algorithm
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and 's algorithm

Input: F(t,u) =1+ tu<F(t, u)® + (2F(t, u) + F(£,1)) EEu=FED 4 F("“)‘F“’(lu’jf,”{”‘””F(*’”>,

Output: 81t2F(t,1)* — 9t(9t — 2)F(t, 1)? + (27t* — 66t + 1)F(t,1) — 3t + 47t — 1 = 0.
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e Show that there exist distinct Uy, U, € |J @[[t%]] s.t. O«P(F(t,U), Ui, F(t,1),0,F(t,1)) =0,

d>1
e Gather the 7 equations in 7 unknowns and 1 parameter

P(F(t,U;), Ui, F(t,1),0,F(t,1)) =0,

For 1 <i <2, ¢ 0.P(F(t,U), U, F(t,1),0.F(t,1)) = 0,
9uP(F(t, U;), Ui, F(t,1),0,F(t,1)) = 0,
m-(Up—U)—1=0.
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Quantitative estimates with

P(F(t7 Ui)7 F(t7 1)76U’E(ta 1)3 t, Ul) =0,
S: For 1 <i <2, 0.P(F(t,U), F(t,1),0,F(t,1),t,U;) =0, Ur— U #£0.
aUP(F(tv Ui)vF(tvl)vauF(tvl)aty UI) =0,
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with

Quantitative estimates

P(F(t7 Ui)7 F(t7 1)76U’E(ta 1)3 t, Ul) =0,
S: For 1 <i <2, 0.P(F(t,U), F(t,1),0,F(t,1),t,U;) =0, Ur— U #£0.
aUP(F(tv Ui)vF(tvl)vauF(tvl)aty UI) =0,

Assumptions

o Uy, U are ;
o S has in Q(t)°,

[Bostan, N., Safey El Din 23]

Under the above assumptions: 0 := deg(P)
e There exists some nonzero polynomial R € Q[z, t] whose partial degrees
are upper bounded by , such that R(F(t,1),t) =0.

e There exists an algorithm computing this R in ops. in Q.

(We proved a general version of this result)
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: package presentation

NEW!

‘ ddesolver

e Maple package dedicated to solving discrete differential equations,
e Auvailable in a .

e Relies on evaluation—interpolation and fast multi-modular arithmetic,

https://github.com /HNotarantonio/ddesolver


https://github.com/HNotarantonio/ddesolver
https://msolve.lip6.fr/

: package presentation

NEW!

‘ ddesolver

Maple package dedicated to solving discrete differential equations,

Available in a ,

Relies on evaluation—interpolation and fast multi-modular arithmetic,

Can be coupled with libraries for efficient Grobner bases computations (e.g. ).

https://github.com /HNotarantonio/ddesolver
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Systems of Discrete Differential Equations

What about ?

Modelling special Eulerian planar orientations:

F(t,u)=1+t¢- <u+2uF(t u)? +2uG(t,1) + ULUIF(”)),
G(t,u)=t- <2uF(t, u)G(t,u) + uF(t,u) + uG(t,1) + UM)

u

[Bonichon, Bousquet-Mélou, Dorbec, Pennarun '17]
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Systems of Discrete Differential Equations

What about ?

Modelling special Eulerian planar orientations:

F(t,u)=1+t¢- <u+2uF(t u)? +2uG(t,1) + ULUIF(”)),
G(t,u)=t- <2uF(t, u)G(t,u) + uF(t,u) + uG(t,1) + UM)

u

[Bonichon, Bousquet-Mélou, Dorbec, Pennarun '17]

Modelling hard particles on planar maps:

F(t,u) =x —y + G(t,u) + tu(uF(t, u)? + 7"““”)’““1))

u—1
G(t,u s
G(t,u)=y + tsu(F(t u)G(t,u) + “71(”)>

[Bousquet-Mélou, Jehanne '06]
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Previous works: case of systems of equations

e Nature of F(t,1): [Popescu '86] = F(t,1) is over K(t)

BUT: the proof seems non constructive...

e Algorithm for computing R € K][t, z] s.t. R(t,F(t,1)) =0: [2]
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Previous works: case of systems of equations

5

e Nature of F(t,1): [Popescu '86] = F(t,1) is over K(t)
BUT: the proof seems non constructive...

e Algorithm for computing R € K][t, z] s.t. R(t,F(t,1)) =0: [2]

What about systems of DDEs?
o Effective proof: [Buchacher, Kauers '20] — Talk at FPSAC 19!

e Still, there are papers dealing with systems of DDEs!
Asinowski, Bacher, Banderier, Beaton, Bonichon, Bousquet-Mélou, Bouvel, Buchacher,

Dorbec, Gittenberger, Guerrini, Jehanne, Kauers, Pennarun, Rinaldi, ...
~

%)

— There should be things to say of DDEs &
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's theorem yielding algebraicity of the solutions

[Popescu 86, Swan 98]

(1.4) THEOREM. Let k be a field, k(X ) the algebraic power series ring
in X=(X, - --,X,) over k, f a finite system of polynomial equations over
KXY and 5 = 3y, -, 5.) € R[X]" a formal solution of f such that §, € k[ X,
<, X, 1< i < n for some positive integers s; < r. Then there exists a
solution y = (¥ - -+, ¥a) Of fin k(X ) such that y, e k(X,, ---, X, ), 1 <i < n.
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(1.4) THEOREM. Let k be a field, k(X ) the algebraic power series ring
in X=(X, - --,X,) over k, f a finite system of polynomial equations over
KXY and 5 = 3y, -, 5.) € R[X]" a formal solution of f such that §, € k[ X,
<, X, 1< i < n for some positive integers s; < r. Then there exists a

solution y = (¥ - -+, ¥a) Of fin k(X ) such that y, e k(X,, ---, X, ), 1 <i < n.
e Solutions of systems of DDEs are with components in Q[u][[t]] = they are !
[planar maps] H(t,u) =1+ t(qu(E u)? + “W)

e There exists a (unique!) solution (H, G) = (F, F(t, 1)), where F € Q[u][[t]].
e The involved series are F(t,1) and F(t,u), and {t} C {t,u}.
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KXY and 5 = 3y, -, 5.) € R[X]" a formal solution of f such that §, € k[ X,
<, X, 1< i < n for some positive integers s; < r. Then there exists a
solution y = (¥ - -+, ¥a) Of fin k(X ) such that y, e k(X,, ---, X, ), 1 <i < n.

e Solutions of systems of DDEs are with components in Q[u][[t]] = they are !
The proof seems non
[planar maps] H(t,u) =1+ t(u2H(t, u)® + ui"H(t’Z):lG(t’”)) EETER . M
to compute witnesses?
e There exists a (unique!) solution (H, G) = (F, F(t, 1)), where F € Q[u][[t]]. ~
e The involved series are F(t,1) and F(t,u), and {t} C {t,u}. CZE)/
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Constructive algebraicity theorem for solutions of systems of DDEs

[N., Yurkevich '23]

Let n,k > 1 be integers and fi,...,f, € Q[u], Q1,...,Qn € Q[y1,...,Ynkt1), t, u] be polynomials. De-
note VKF := F,AF,...,A*F. Then the of DDEs

(E,): F= fi(u)+t- Qu(V*Fi,...,V¥F, t, u),
: : (SDDEs)
(B¢ ): Fo=fo(u)+t- Qu(V*Fr,...,V*Fp t,u).

admits a vector of solutions (Fi, ..., F,) € Q[u][[t]]", and all its components are over Q(t, u).
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Constructive algebraicity theorem for solutions of systems of DDEs

[N., Yurkevich '23]

Let n,k > 1 be integers and fi,...,f, € Q[u], Q1,...,Qn € Q[y1,...,Ynkt1), t, u] be polynomials. De-
note VKF := F,AF,...,A*F. Then the of DDEs

(E,): F= fi(u)+t- Qu(V*Fi,...,V¥F, t, u),
: : (SDDEs)
(B¢ ): Fo=fo(u)+t- Qu(V*Fr,...,V*Fp t,u).

admits a vector of solutions (Fi, ..., F,) € Q[u][[t]]", and all its components are over Q(t, u).

[Proof sketch]

e There exists a polynomial system S defined over Q(t) in nk(n 4 2) equations and
unknowns, that admits a solution P with Fi(t,1) as one of its coordinates,

e The of S'is at P = Fi(t,1)is over Q(t).

14 /22



Identifying more polynomial equations

Consider ~ F1, Fa = Fi(t, u), Fa(t, u) € Q[u][[t]]

0=(1—F) (u—1)+tu-(QuFZ —uFi(t,1) +2uf(t,1) — 2F2 + u+ Fi — 2F>(t,1) — 1),
0=F- (1 = u) + tu - (2UF1F2 +uf —2FRF - FR+ F— Fz(t'7 1))

Denote by Ei, E> € Q(t)[x1, x2, 20, z1, u] polynomials such that

fori € {1,2}, E(Fi(t,u), F>(t,u), Fi(t,1), F2(t,1),u) = 0. (= Ei(w))
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Consider ~ F1, Fa = Fi(t, u), Fa(t, u) € Q[u][[t]]

0=(1—F) (u—1)+tu-(QuFZ —uFi(t,1) +2uf(t,1) — 2F2 + u+ Fi — 2F>(t,1) — 1),
0=F- (1 = u) + tu - (2UF1F2 +uf —2FRF - FR+ F— Fz(t’7 1))

Denote by Ei, E> € Q(t)[x1, x2, 20, z1, u] polynomials such that

for i € {1,2}, Ei(Fi(t,u), F2(t,u), F(t,1), F2(t,1),u) =0. (= Ei(u))

with respect to u yields
<(axlE1)(u) (axZEI)(u)> , (m) N <(aua)(u>> o,
(0x E2)(u)  (Ox, E2)(u) OuF2 (OuE2)(u)
{ (O Er - 8y Bz — 8, B2 - 8y E1)(U(1)) = O,

U(t) e U Q[[t4]], (O E1 - OuEr — 0 E2 - OuEr) (U(t)) = 0.

d>1
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Identifying more polynomial equations

Consider ~ F1, Fa = Fi(t, u), Fa(t, u) € Q[u][[t]]

0=(1—F) (u—1)+tu-(QuFZ —uFi(t,1) +2uf(t,1) — 2F2 + u+ Fi — 2F>(t,1) — 1),
0=F- (1 = u) + tu - (2UF1F2 +uf —2FRF - FR+ F— Fz(t’7 1))

Denote by Ei, E> € Q(t)[x1, x2, 20, z1, u] polynomials such that

for i € {1,2}, Ei(Fi(t,u), F2(t,u), F(t,1), F2(t,1),u) =0. (= Ei(u))

with respect to u yields
<(axlE1)(u) (axZEI)(u)> , (m) N <(aua)(u>> o,
(0x E2)(u)  (Ox, E2)(u) OuF2 (OuE2)(u)
{ (O Er - 8y Bz — 8, B2 - 8y E1)(U(1)) = O,

U(t) e U Q[[t4]], (O E1 - OuEr — 0 E2 - OuEr) (U(t)) = 0.

d>1

\.

Does this yield an ?
15/22



Sketch of strategy: duplicate variables

Notations: E,-(u) = E;(Fl(t,u),Fz(t,u),Fl(t,l),Fz(t,l),t,u).

o If Det(u) =0 has uin |J Q[[t7]], define
d>1

El(U,‘) = 07 E2(U[) = 0,
Sdup = Det(u,-) = 07 P(Ui) = 0’ fOI’ I = 1,2

m-(uy—uw)—1 =0.
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Sketch of strategy: duplicate variables

Notations: Ei(u) = Ei(Fi(t,u), F2(t,u), Fi(t, 1), F2(t,1), t,u).

o If Det(u) =0 has uin |J Q[[t7]], define
d>1

Ei(uj)) =0,E(u;) =0,
Sdup = Det(u,-) = 07 P(Ui) = 0’ fOI’ I = 1,2
m-(uy—uw)—1 =0.

ST SS x ; b =>44+2+2=8.
Then: 9 equations in 9 unknowns. u @’w tet

Fi(U)  Fi(e1) Ui
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Sketch of strategy: duplicate variables

Notations: Ei(u) = Ei(Fi(t,u), F2(t,u), Fi(t, 1), F2(t,1), t,u).

o If Det(u) =0 has uin |J Q[[t7]], define
d>1

Ei(uj)) =0,E(u;) =0,
Sdup = Det(u,-) = O7 P(Ui) = 0’ fOI’ I = 1,2
m-(uy—uw)—1 =0.

~

Then: 9 equations in 9 unknowns. ] u@w = G A AS
F(U)  F(e1) U

Hope: Sy, admits in (@(t)g.

16 /22



Modelling m-row restricted slicings: [Beaton, Bouvel, Guerrini, Rinaldi '19]

t?u + t%u (F1 + Fz)

Fy
Fo = t2u BRARl) | 2 BORGD) L 2y )
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Modelling m-row restricted slicings: [Beaton, Bouvel, Guerrini, Rinaldi '19]

t?u + t%u (F1 + Fz)

Fy
Fo = t2u BRARl) | 2 BORGD) L 2y )

Multiplying by (v — 1) gives

=—F + t2u + t2u(F1 + Fg) = (0),
—Fy(u — 1) + t2uF; + t2uF, — t2uFy(t, 1) — t2uFyp(t,1) = 0.

——
o
—~
= c
SN— N
([
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Modelling m-row restricted slicings: [Beaton, Bouvel, Guerrini, Rinaldi '19]

t?u + t%u (F1 + Fz)

Fy
Fo = t2u BRARl) | 2 BORGD) L 2y )

Multiplying by (v — 1) gives

El(u) —F + t2u + t2u(F1 + Fg) = (0),
Ey(u) .= —Fo(u — 1) + t2ufy + t?uF, — t2uFy(t,1) — t2uFy(t,1) = 0.

Ox E1(u) O E1(u) 2 2
D t = L 2 = —1.
y <axl E(u) .6 t* ™
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A degenerate toy (SDDEs)

Modelling m-row restricted slicings: [Beaton, Bouvel, Guerrini, Rinaldi '19]

t?u + t%u (F1 + Fz)

Fy
Fo = t2u BRARl) | 2 BORGD) L 2y )

Multiplying by (v — 1) gives

E1(u) —F + t2u + t2u(F1 + Fg) = (0),
Ey(u) .= —Fo(u — 1) + t2ufy + t?uF, — t2uFy(t,1) — t2uFy(t,1) = 0.

There exists only one solution U(t) € Q td]]...
Det — <8X1E1(u) 8><2E1(u)> _ t2u2+u 1 ( ) dLZJl [[ ]]

Ox E2(u) 05, E2(u) How to more solutions in u to u ?
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Symbolic deformation argument in the general case

{Fl - f;l(u) +t- Ql(Fla F27 Fl_u,ilg.nl)a FZ_Fjg_t l)a t7u)7
(

F2 - f2(u) ahlit QZ(F17 F27 Flqu_lgt,l)v hoh t’l)a t7 U).

(SDDEs)

u—1
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Symbolic deformation argument in the general case

Fl = f;l(u) +t- Ql(Fla F27 Fl_uFlg.nl)a Fz_qu(t,l)a t7 U),
Fo = fo(u) + t - Qo Fy, Fp, A=FalED) L

(SDDEs)

1
t,1
o, R ),

1 Symbolic deformation |

For integers o >> 3 >> 0 and a deformation parameter €, consider

G = fi(u) + t* - Qu(G1, G, Gi=Gi(t,le) G—Gy(tle) ;o )+6t G1(§»1a€) + etP Gz—fi(ialye)

u—1 ) u—1 2 2
—G;
G = H(u) + t* - Qu(Gi, Gy, Gi— 517({7176)7 G — Si(i,lye)’ a’u) + etBG= Gl(t,lye) + 4et & ui(iyl,e).
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Symbolic deformation argument in the general case

F—F(t,1) F—Fa(t1
Flzf;l.(u)+t'Ql(FlaF27 lulg )a zujg_ )at7u)7 (SDDES)
F—F(t,1) Fa—Fa(t1
F2:f.2(u)+t QZ(F17F27 1u1(1t )7 Zu_zg_t )7t7u)'
1 Symbolic deformation |
For integers o >> 3 >> 0 and a deformation parameter €, consider
Gl _ ﬂ(u) QI(GL GQ, Gy — 51(?1’6)7 Gy — Si(;,l,e)’ o )+ Et Gl(i,l,e) + Etﬁ Gz—fi(i,l,e)’
G2 _ fQ(U) QQ(Gl, GQ, Gy — 51(?1’6)7 Gy — Si(;,l,e)’ a’u) + Etﬁ Gy — Gl(t,l,e) +4e t fi(i,l,e).

Gi(t,u,€) over Q(t,u,€) = Gi(t,u,0) = F;(t%,u) over Q(t,u).



Symbolic deformation argument in the general case

F—F(t,1) F—Fa(t1
Fi = f(u) +t- Qu(F1, Fo, = l(f’ ) B uf(lt ), t,u),
Fi— Fl(t 1) Fz*Fz(t,l) (SDDES)
F2:f2(u)+t Q2(F17F27 u—1 ) u—1 ,t,U).
1 Symbolic deformation |
For integers o >> 3 >> 0 and a deformation parameter €, consider
Gl _ ﬂ(u) QI(GL GQ, Gy — 51(?1’6)7 Gy — Si(;,l,e)’ o )+ Et Gl(i,l,e) + Etﬁ Gz—fi(i,l,e)’
G2 _ fQ(U) QQ(Gl, GQ, Gy — 51(?1’6)7 Gy — Si(;,l,e)’ a’u) + Etﬁ Gy — Gl(t,l,e) +4e t fi(i,l,e).
Gi(t,u,€) over Q(t,u,€) = Gi(t,u,0) = F(t™,u) over Q(t,u).

(slight abuse of notations) Ei(Gy, Gy, Gi(t,1,€), Go(t,1,€),t,u,e) =0, for i =1,2.
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The deformation of (SDDEs) ensures good properties

Lemma 1: There are U, Us in Q(€)[[V't]] to Det(u) = 0. ]
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Idea: Show that Det(u) = (u — te) - (u — 4te?) mod t°, then Newton-Puiseux algorithm.
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The deformation of (SDDEs) ensures good properties

Lemma 1: There are U, Us in Q(€)[[V't]] to Det(u) = 0. ]

Idea: Show that Det(u) = (u — te) - (u — 4te?) mod t°, then Newton-Puiseux algorithm.

Let P = (Gl(l'7 Ul,e), ey Gg(t, Uy, E), Ui, Uy, Gl(t, 1,6)., G2(t'7 1,6)) S @(6)[[ﬁ]]8

Lemma 2: Let Jacs,,, be the Jacobian matrix of Squp w.r.t. x,u,z, then Jacs,, (P) is
invertible and the saturated ideal (Sq.p) : det(Jacs,,, ) is over K(t, ).
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The deformation of (SDDEs) ensures good properties

Lemma 1: There are U, Us in Q(€)[[V't]] to Det(u) = 0. ]

Idea: Show that Det(u) = (u — te) - (u — 4te?) mod t°, then Newton-Puiseux algorithm.

Let P = (Gl(l'7 Uy, 6), ey Gg(t, Uy, 6), Ui, Uy, Gl(t, 1, 6)., G2(t'7 1, 6)) S @(6)[[ﬁ]]8

Lemma 2: Let Jacs,, be the Jacobian matrix of Sgup w.r.t. x,u,z, then Jacs,, (P) is
invertible and the saturated ideal (Sq.p) : det(Jacs,,, ) is over K(t, ).

Idea: Show that det(Jacs,, (P)) # 0, then use the Jacobian criterion.

All'in all: Effective Algebraic Geometry
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Main steps for proving the invertibility of the Jacobian matrix

e Up to elementary operations, Jacs,, (P) is an
A(U,) 0 *

JaCSdup(p) ~ 0 A(Uz) * c
0 0 A(Uy,Uyp)
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Main steps for proving the invertibility of the Jacobian matrix

e Up to elementary operations, Jacs,, (P) is an

A(U,) 0 *
JaCSdup(p) s 0 A(Ug) * c
0 0 A(Uy,Uyp)

e For i = 1,2, we have A(U;) :




Main steps for proving the invertibility of the Jacobian matrix

e Up to elementary operations, Jacs,, (P) is an

A(Ul) 0 *
JaCSdup(p) s 0 A(Ug) * c
0 0 A(U17 U2)
e For i = 1,2, we have A(U;) :

e There exists v € Z~q such that
det(A(U1,Up)) = U7 - U7 - (Uy — Us) - mod t<,

for some H € Q[t, €] \ {0} whose degree is independent of c.
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A first polynomial time algorithm with

Fi=f(u)+t- Qiu(F, AF, Ry, ARt u), Fo = h(u) + t- Qo(F1, AF1, F, AR, t, u).
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A first polynomial time algorithm with

Fi=f(u)+t- Qiu(F, AF, Ry, ARt u), Fo = h(u) + t- Qo(F1, AF1, F, AR, t, u).

the “numerators” Ej, E; and the polynomials

(9)( El 8>< E1 ax El 8uEl
Det :=det ( _* : and P:=det( * .
€ € <8X1 E2 axg EZ) A € <ax1 E2 au EZ)

The S vanishes at
P .= (Fl(t7 Ul)a F2(t7 U1)7 Fl(ta U2)7 F2(ta U2)a U17 U2a F].(t7 1)a F2(t7 1))
a generator R of (S, m- (Uy — Uy) — 1) N Q[t, z]-
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A first polynomial time algorithm with

Fi=f(u)+t- Qiu(F, AF, Ry, ARt u), Fo = h(u) + t- Qo(F1, AF1, F, AR, t, u).

the “numerators” Ej, E; and the polynomials

8X E1 8X E1 ax El auEl
Det :=det | . 2 and P :=det( * .
€ € <8X1 E2 axg E2) : € <ax1 E2 au EZ)

The S vanishes at
P .= (Fl(t7 Ul)a F2(t7 Ul); Fl(ta U2)7 F2(t7 U2)a U17 U2a F].(t7 1)a F2(t7 1))
a generator R of (S, m- (Uy — Uy) — 1) N Q[t, z]-

[N., Yurkevich 23] (6 > deg(8))
e The polynomial R has its total degree in

e Moreover, R can be computed in ops. in Q.




A first polynomial time algorithm with

Fi=f(u)+t- Qiu(F, AF, Ry, ARt u), Fo = h(u) + t- Qo(F1, AF1, F, AR, t, u).

the “numerators” Ej, E; and the polynomials

8X E1 8X E1 ax El auEl
Det :=det | . 2 and P :=det( * .
€ € <8X1 E2 axg E2) : € <ax1 E2 au EZ)

The S vanishes at
P .= (Fl(t7 Ul)a F2(t7 Ul); Fl(ta U2)7 F2(t7 U2)a U17 U2a F].(t7 1)a F2(t7 1))
a generator R of (S, m- (Uy — Uy) — 1) N Q[t, z]-

[N., Yurkevich 23] (6 > deg(8))

e The polynomial R has its total degree in . Proved in full generality

e Moreover, R can be computed in ops. in Q.




e Polynomial time algorithm computing witnesses of algebraicity,

e Constructive proof of algebraicity of solutions of SDDEs.
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e Efficient algorithms in the system case?

e More nested catalytic variables? (M. Bousquet-Mélou)
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e Polynomial time algorithm computing witnesses of algebraicity,

e Constructive proof of algebraicity of solutions of SDDEs.

e Efficient algorithms in the system case?

e More nested catalytic variables? (M. Bousquet-Mélou)

Thank you for listening!
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A polynomial system for systems of DDEs

Consider
F1 = fl(u) +t- Ql(kal, 000 7kan7 t, U)7

: : (SDDEs)
Fo=fo(u) +t- Qu(VKFy,...,V¥F, t,u).
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A polynomial system for systems of DDEs

Consider

F1 = fl(u)+ t- Ql(VkFl,...,Van,t,u),

: : (SDDEs)
Fo=fo(u) +t- Qu(V¥Fy,...,V¥F, t,u).

(SDDEs) and the “numerators” Ej, ..., E, and the polynomials
0.E ... O.E (9X1. E; e 3Xn7.1 E; 8,,.E1
Det := det : : and P :=det : : : ,
’ | axl En—l e 8><n,1 En—l au En—l

8.Er ... 8,E,
g ’ 84E ... 0. En 0.E

xp—1En




A polynomial system for systems of DDEs

Consider
Fi=fi(u)+t- QuV*F,...,V*Fp, t,u),
: : (SDDEs)
Fn - fn(u) +t- Qn(kala 00 -vkanv t, u)'
(SDDEs) and the “numerators” Ej, ..., E, and the polynomials
0.E ... O.E G Gnb 0k
Det := det : : and P :=det : : : ,
: ' ax En—l e 8>< En—l auEn—l
W En ... 0.E . -
By Bx, 0.E ... 0. .En 0.E

up the duplicated polynomial system (Sgyp), consisting in the nk duplications of the
polynomials Ey, ..., E,, Det, P. It has nk(n + 2) variables and equations.




A polynomial system for systems of DDEs

Consider
Fi=fi(u)+t- QuV*F,...,V*Fp, t,u),
: : (SDDEs)
Fn - fn(u) +t- Qn(kala 00 -vkanv t, u)'
(SDDEs) and the “numerators” Ej, ..., E, and the polynomials
0.E ... O.E G Gnb 0k
Det := det : : and P :=det : : : ,
: ' ax En—l e 8>< En—l auEn—l
W En ... 0.E . -
By Bx, 0.E ... 0. .En 0.E

up the duplicated polynomial system (Sgyp), consisting in the nk duplications of the
polynomials Ey, ..., E,, Det, P. It has nk(n + 2) variables and equations.

a non-trivial element of ((Syup) : det(Jacs,,,)>°) NK[t, zo, €], then set € to 0.
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