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A=4+3+3+2=12
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partitions

Ferrers diagram and hooks of partitions

Twice (5,2,1) € D

|

(6,4,4,1,1) € DD
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Ferrers diagram and hooks of partitions

(4,3,3,2) e P

@ H(\) := {hook-lengths}
o for t € N*, He(A) :={heH(A)| h=0 (mod t)}
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Ferrers diagram and hooks of partitions

Interprétations
combinatoires
des identités
de Macdonald
pour les

systémes de 5
racines affines
714 2
Integer 2 1
partitions
2 Hs
1

(4,3,3,2,1) ¢ P (6,4,4,1,1) € DD

@ H(\) := {hook-lengths}
o for t € N*, He(N) :={heH(A)| h=0 (mod t)}
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Integer
partitions

Ferrers diagram and hooks of partitions

(a) (6,4,4,1,1) € DD

@ #H(A) := {hook-lengths}
{—1 if s is a box strictly below A
o

1 otherwise
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Nekrasov—Okounkov formula

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

Nekrasov—Okounkov (2006), Westbury (2006), Han (2008)

2
_ A 4 o i z2—-1
S > T (1— ,,2> =(T: T)

formulas AeP hEH(}\)

where (a; q)oo == (1 — a)(1 — ag)(1 — ag®) - - -
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Nekrasov—Okounkov formula

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de

e sines Nekrasov—Okounkov (2006), Westbury (2006), Han (2008)

22 22-1
Nekrasov— Z T|>\‘ H (1 - h2> = (T' T)OO
A)

Okounkov \eP hEH(

formulas

where (a; q)so == (1 — a)(1 — ag)(1 — ag®) - - -
Note z = t € N* = X are t-core partitions : H.(\) = 0.
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A q, t-Nekrasov—Okounkov formula

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de

Gl Rains—\Warnaar (2018), Carlsson-Rodriguez-Villegas (2018)

a(s)+1/(s ))(1 _ u—lqa(s)tl(s)+1)

(1—ug
TIAl
Okounkor A%; g — qA()F111(9)) (1 — gals) /(s)+1)
formulas ) ) .
_ H (1—ug't/ TR (1 — u gt/ TK)
R S TR - q't/Tk)
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A q, t-Nekrasov—Okounkov formula

Interprétations
combinatoires
des identités
de Macdonald
pour les Rains—Warnaar (2018), Carlsson—Rodriguez-Villegas (2018)
systémes de
racines affines

Z T\)\| H 1 _ uqa(s)Jrl 1l( ))(1 _ uflqa(s/)t/(sl)Jrl)
\eP sEX o 5)+ t )(1 o qa(s)t ()1 )
_ uql 1 Tk)(]. _ uflqifltj Tk)

ounkov 1
gtmul:s = H ( 1.1 P i Tk
it (1—q 1t/ 'TK)(1 - q't/ TK)

Nekrasov—

Motivated by the study of an affine variety linked to mixed
Hodge polynomials of character variety
Hausel-Rodriguez-Villegas (2008)
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A q, t-Nekrasov—Okounkov formula

Interprétations
combinatoires i i )
Ll Rains—Warnaar (2018), Carlsson-Rodriguez-Villegas (2018)
de Macdonald
pour les

o nen sifnes . 1 _ uqa(s)+1 (9)(1 — u=Lgae) ¢/(5) 1)
Z H 5)+1 tl(s )(1 _ qa(s) t(s)H 1)

AeP SEA
1 (1—ug't/ ' TR — utg' 1/ TK)
Nekrasov— - (1 _ ql*ltj*l Tk)(]_ — q’tj Tk)

Okounkov ijk>1

formulas

@ R—W: connection between Macdonald polynomials and
mixed Hodge polynomials. Derivation of skew Cauchy like
identity on Macdonald polynomials.

@ C—R-V: proof using vertex operators and plethystic
exponential.
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A q, t-Nekrasov—Okounkov formula

Wt Rains—Warnaar (2018), Carlsson—Rodriguez-Villegas (2018)

combinatoires
des identités

drmd'dld ST H 1 - ucf’(s)+1 () (1 — u g /541y
racines affines s oy _ 5)+1t )(1 — qa(s)tl(s) ‘ 1)

= 11 (1—ug't T —utq™ 0 TH)
i =@ T( =" TH)

Nekrasov—
Okounkov 3
formulas Speclal case q =t

Dehaye-Han (2011), R-W (2018), C-R-V (2018)

71 (1—ug")(1—-ug"
AEZP hel;I()\) (1-q"2
= 11

k,r>1

(1 - uquk)r(l - u—l er)r
(1 _ qr—l Tk)r(]_ _ r+1 Tk)
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A q, t-Nekrasov—Okounkov formula

Wt Rains—Warnaar (2018), Carlsson—Rodriguez-Villegas (2018)

combinatoires
des identités

de Macdonald
_ ()+141(s)y(1 — 41 a(s) )+1
cyoames de B 1 Uqa )( )
Y d Z T H q° (s)+14/(s ))(1 _ a(s) I(s )+1)

racines affines

AEP SEA
B H (1—ug't/ ' TR —utqg 1/ TH)
Nekrasov— ij,k>1 (1 - qi_ltjil—rk)(l - qitj Tk)
Okounkov
formulas Dehaye-Han (2011), R-W (2018), C-R-V (2018)

(1 —ug")(1—utq")

ST

_ ah)2
AP heH(N) (1-4")
B H (1_ uquk)r( —1 er)
- B (1 _ qr—l Tk) (1 _ r+1 Tk)

Special case u =¢g* and g — 1 414



Macdonald identities

Interprétations

combinatoires
des identités

de Macdonald

i Dehaye—-Han's starting point: a specialized Macdonald identity

racines affines for aﬂ:lne type Atfl

@ Macdonald identities are identities of the shape “sum =
product” parametrised by sub-lattices of Z, defined by an

affine root systems.

@ There is a bijective correspondence between the
Moo sub-lattices and some subsets of partitions.

identities

@ This allows us to give a combinatorial transcription of
Macdonald identities and derive Nekrasov—Okounkov type
formulas.
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Macdonald identities

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

@ Macdonald (1972): analogues of Weyl determinant
formula for affine root systems R and the associated finite

Weyl group, W
> sgn(w)e" (V)= = [[a-e2)
Macdonald weWw 2>0

identities

aceR
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Macdonald identities

Interprétations
combinatoires
des identités
de Macdonald
pour les

Systemes de e Macdonald (1972): analogues of Weyl determinant
formula for affine root systems R and the associated finite
group of permutations, the Weyl group, W

> sen(w)e" W =TT (1 -e7)

weW a>0
aceR

Macdonald
identities

e Reformulation by Stanton (1989), Rosengren—Schlosser
(2006) for the 7 infinite affine types A, B, B”,C, C”,D and
BC.
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Macdonald identities

Interprétations
combinatoires
des identités
de Macdonald
pour les

systimes de e Macdonald (1972): analogues of Weyl determinant
formula for affine root systems

Z sgn(w)e"(P)=r = H (1-e77)

weW a>0
acR
Macdonald reformulation by Stanton (1989), Rosengren—Schlosser

identities

(2006) for the 7 infinite affine types

o Setting x;, = e ¢, T = e~ 1, it can be seen as a
multivariate series over Z! with a geometric condition.
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The example of affine type A;_;

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

WZSt

Weyl determinant formula for affine type A;—1 (Vandermonde):

det (4" H= T[ 05—

Macdonald P
1<ij<t
== 1<i<j<t

identities
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The example of affine type A;_;

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

Theorem [Macdonald (1972), Stanton (1989),

Rosengren—Schlosser (2006)]
Set T € C such that |T| <1 and x € (C*)". Then

(T: T T Go/xis oo (Ti/x5: T) o

Macdonald Lebegsn
identities t
tmi+o (=1 (™ ) +m;(o(i)—
= Y X sen(o) [[ xR Eme O
meZt o€St i=1
my~+---+m;=0
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Schur polynomials

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

The Schur polynomial associated to A = (A1, ..., A¢) is:

Att—j
det (x7 )
1<i,j<t
S)\(Xl,...,Xt) = =
det (x; /)
Macdonald 1<i,j<t
identities
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Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

Macdonald
identities

Schur polynomials

The Schur polynomial associated to A = (A1,..., ) is:
det x,-)‘j+t7j)
(1, x) = LSt
. t —_ —
Y det (x'™)
1<ij<t

@ It is an orthonormal basis of symmetric polynomials for a
well-chosen scalar product.

@ It is a sum of monomials indexed by some combinatorial
objects

o It is a type A character.
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Schur polynomials

Interprétations
combinatoires
des identités

PNV The Schur polynomial associated to A = (g, ...

pour les

s >\t) is:

systémes de .
racines affines det (X)\J—‘rt—_[)
1<ij<t !
s\(X1, ..oy xe) = =
det (x; /)
1<ij<t

Extension to other Weyl groups. For instance, when
W = {£1}' x &, it becomes the symplectic Schur polynomial:

Macdonald
identities
det (X-/\j+t+1_j —X-_()\j+t+1_j))
sy (x X)_lgi,jSt ! !
PR T Ger (P =, ()
1<ij<t ' !
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Littlewood decomposition

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

The key ingredient to reinterpret the geometric conditions and
the quadratic forms into the theory of integer partitions.

From a lattice
condition to
subsets of

partitions
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Littlewood decomposition

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

Set ACP, Ay = {w € A| Hi(w) =0}
@ Partitions:

AGP(—)(W,K)E'P@) x Pt

From a lattice
condition to

subsets of
partitions
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Interprétations
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racines affines

From a lattice
condition to
subsets of
partitions

Littlewood decomposition

Set AC P, Ay :={w e A| He(w) = 0}.
@ Partitions:

A€P<—>(w,g)€77(t) x Pt

© Double distinct partitions:
(a) for t odd:

A € DD «— (w, p,v) € DDy x DD x PN/
(b) for t even:
A € DD +— (w, p,v, k) € DDy x DD x P/271 x SC
Tools: A «— s(A) bi-infinite word of 0's and 1's
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pour les
systémes de
racines affines

From a lattice
condition to
subsets of
partitions

An example for w € DD

NW

w=(11,6,4,2,2,1,1,1,1,1) and its binary correspondence

;

Moo A N N A A A N Mg My NE

¢ ) Ol e-Dre-0re O e

9/14
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From a lattice
condition to
subsets of
partitions

An example for w € DD

NW

w=1(11,6,4,2,2,1,1,1,1,1) and its binary correspondence

N A N N A A N N Mg My NE

L ere—ire 1 e—bre—i>

0

0

| o—ireire

0
“He—trs

b
!

¢ -Ore Ole-Dre-re O s

!

DD(t) = {w € DD ‘ Ht(W) = @} 9/14
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From a lattice

condition to
subsets of
partitions

An example for w € DD

.-000|111 - --
— ... ‘

e ire

S(Wo)
i s (wi1)
NN s(wp) = ---011111 - -
R s(ws) = ---000[111--
NE
. 0 S(W4):"' ‘
Mol 8

! s(ws) =---001[111 -
s(w) = ---0000001000001001]1011011111011 1111117 - --

9/14



Interprétations
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From a lattice
condition to
subsets of
partitions

An example for w € DD

A s(wp) = ---000[111 -- -
Lt s(wi) =000
g s(wp) = ---011[111---
S s(ws)=---000|111---
AR

Tt s(ws) =---001[111 -

Garvan—-Kim-Stanton (1990):
W€ Py ¢ (no, ..., ne1) € 7! such that Zf;& n;i = 0. Here

(no, 71 no,n3, ns.ns) = (0,1.—2,0,2. —1) € Z°
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From a lattice
condition to
subsets of
partitions

An example for w € DD

.-000|111 - -

: s (wo)

N s(wi) =000
g s(wp) = ---011[111---
i s(ws) =---000|111 -
AR

it s(ws) =---001[111 - -

Garvan—-Kim-Stanton (1990):
w € Py «— (no,...,nt—1) € Z* such that Zf;& nj = 0. Here

(no, 71 no,n3, ns.ns) = (0,1.—2,0,2. —1) € Z°
w € DD(6) — ( —2) S Zz
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t-cores and vectors of integers

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de

racines affines Garvan—-Kim-Stanton (1990)
w € DD(2t+2) <~ (no, Ceey nt_l) A

From a lattice

condition to
subsets of
partitions
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t-cores and vectors of integers

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de

e Garvan—Kim—Stanton (1990):
w e DD(2t+2) > (no, RN nt_l) et

A vector of integers (vi,...,v;) € Z' is called a Vi-coding if:
Q@ #{vi—i(mod2t+2),i=1,...,t} =t
Q@ v #Z0 (mod 2t +2), v; Zt+ 1 (mod 2t + 2)
Q0<vi<wvi1<---<n

From a lattice

condition to
subsets of
partitions
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t-cores and vectors of integers

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de

e Garvan—Kim—Stanton (1990):
w e DD(2t+2) > (no, RN nt_l) et

A vector of integers (vi,...,v;) € Z' is called a Vi-coding if:
Q@ #{vi—i(mod2t+2),i=1,...,t} =t
Q@ v #Z0 (mod 2t +2), v; Zt+ 1 (mod 2t + 2)
Q0<vi<wvi1<---<n

From a lattice

condition to

subsets of These notions extend to the 7 infinite affine types.

partitions
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From a lattice
condition to
subsets of
partitions

Hook-length formulas for t-core partitions

Theorem [W., 2022+]

Set w € DD(2¢42) and v € 7! its associated V;-coding, and set
t — 1. Then for any function 7 defined on Z we have:

Wi = Vv —
Xt: (2t +2)2 +2
R i M S
2t—i—2,_1 12

and if we set aj(w) = #{s € w,hs = (2t +2) — i,es = 1}:

I

T(hs — es(2t + 2))

SEw 7(hs)
hseH(w)
AL (i) Er(wy) T(wi — w;) T(wi + w;)
_Il;:[l(T(l)> i:l_IlTl 1§£[j§t T(j—i) T(I+_j)
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Macdonald identity as sum of symplectic Schur

functions

Interprétations
combinatoires
des identités H
de Macdonald Deflne KT(t7 x) as fOHOWS-
pour les
systémes de
racines affines

11 (P& % T)  TT (Pog g g™ T )

J
oo
i=1 1<i<j<t

Theorem [W., 2022+]
The Macdonald identity for affine type C; can be rewritten:

e Yoo (%I R (x) = (T T Kr(t,x)
wEDD (5412)

subsets of
partitions

where p is defined bijectively from the V;-coding of w.
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A g-Nekrasov—Okounkov analogue for affine type C

Interprétations
combinatoires

des identités

de Macdonald (1 — u*2q2’ T”") (1 — uq” Tm)
our les K T =

syztémels de m( U q) I‘1>I]_ (1 — u2q2r Tm) (1 _ u—lql’ Tm)

racines affines
(1 _ u2qr+1 -,—m)f—l_r/2j (1 . U72qr Tm)r—l_r/2J
(1—gq Tm)r—Lr/2J (1— g+t Tm)f—Lf/2J

Theorem [W., 2022+]

We have:

From a lattice

iti = hs—2¢
e oA/ T LU e
pa?tititonsf Z (—Uq) * T H 1 _ qhs

AeDD SEX
2 H 1 ++—L;_q —1+hs/2 = me(Ty U, q)
SEA R m>1

S /14




A g-Nekrasov—Okounkov analogue for affine type C

Interprétations
combinatoires

des identités
de Macdonald
pour les
systémes de
racines affines

Theorem [W., 2022+]

We have:

1— u—2as qhs—255

ua)h A2
AZ (—uq) [I—F o
€DD SEX
1+ uq1+hs/2 (1 - u—2 Tm)
< I1 = I oL Kn(T, u,q)
—1,4—1+hs/2 _ -1 D
From a lattice se/\ 1 + e q * / m>1 (1 u Tm)

condition to S¢ H.
subsets of
partitions

u=¢q* q— 1= C-N-O type formula (Pétréolle, 2016)
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Perspectives

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

@ Links with vertex operators

@ Links with Macdonald polynomials

@ ¢, t analogues 7

From a lattice
condition to

subsets of
partitions
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Perspectives

Interprétations
combinatoires
des identités
de Macdonald
pour les
systémes de
racines affines

@ Links with vertex operators

@ Links with Macdonald polynomials

@ ¢, t analogues 7

Thank you for your attention.

From a lattice
condition to

subsets of
partitions
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