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wWe'll talk arout
Modules, symmetric functions, comeinatorics
Macdonald coes wild (1980’s)

Catalanimals, a series perspective



Example: Harnmonics

Polynomials in n variables

M= {f(x): (82 +---+92)f(x)=0Va> 0}
= span Of all par-tial derivatives of Vandermonde

B4
X1 X1 1
2l 2 2 2
A=det{xs x 1l=x3(x—x3)—x(1—x3)+x3(x2—x)
2
X3 X3 1

S,-module

sp{A, 2x(x—x3) —x3+x2, 2xa(x3 — x1) — X2 + X2, X3—x1, X1—X2, 1}
~—"

1—2 2—3 3—1

1—2 2—3 3—1




Harmonics Module

M = span o#f all partial derivatives of Vandermonde

sp{A} @ sp{2x1(x2 —x3) —x3 +X3, X§ —2x2(x1 —x3) — X5 } ® sp{xs—x1, x2—x3} ®sp{1}
~—— ~——
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Harmonics Module

M = span o#f all partial derivatives of Vandermonde

sp{A} @ sp{2x1(x2 —x3) —x3 +X3, X§ —2x2(x1 —x3) — X5 } ® sp{xs—x1, x2—x3} ®sp{1}
~—— ~——

I S ST

17 = (4,4,2,1,1)

>

Il
BANHKM

|

how many copies of each irreduciele?



Symmetric functions

Multivariate polynomials invariant under S,-action:

0 . Zj = Zs(i)

symmetria: 3212 a4 3222 — 1212

not sywmwetric: ziz # z3z



Symmetric functions

Multivariate polynomials invariant under S,-action:

0 1 Zj = Zg(i)

symmetric:  3z2 4322 — 722

not symmetric: 2z # zaz

Bases are indexed By partitions

5_1 5.1, 5.1
21z — 717 T 57

indexed By (5,1) =Hrm



Schur functions

sx(z) is the



Schur functions

sx(2) is the Weyl symmetrization of z4 =zt .. z)

n

sa(z) is the sum over Of shape A
(4]
T=[2]3 — 2'= [ z=aznaznznznuz
1[1]1]2]4] i=losel in T

so1)(2) =P
(2,1)
2

2 2 2 2 2
= 27120723 + Z120 + 2125, + 2123 + 2123 + 25,23 + 2023



Harnmonies Module

M = span o#f all partial derivatives of Vandermonde

sP{A} @ sp{2x1(x2—x3) =35 + 5 , x; —2x2(x1—x3) —x3 } ®sp{xz—x1,x2—x3} B sp{1}
~—— ~——

: i F o

Froeenius K/‘ inreducigle y* — s,

:E+ 9Eb+ sEbJrqID

coefficient of SB] in = 4k of irreducirles Eb



Harnmonics Module

M = span o#f all partial derivatives of Vandermonde

SP{A} @ sp{2x1(x2—x3) =35 + 5 , x; —2x2(x1—x3) —x3 } ®sp{xz—x1,x2—x3} Bsp{1}
S — ~——

E i o

Froeenius K/‘ irnreducigle y* — s,




Schur expansions

:EJr SB]JF SEbJF%jZD

Expand (z1 + z + z3)° into Schur functions

sage: pol = Sym.from_polynomial ((z1+z2+z3)"3)
sage: s(pol)

s[1,1,1] + 2%s[2,1] + s[3]

List tarleaux with one each of letters |23

sage: Tableaux.options.convention="french"
sage: SYT=StandardTableaux(3)

sage: [taby.pp() for taby in SYT]

3

2 2 3

1 13 12 123



Modules, syvmmetric functions, comrinatories

M = Harmonie polynomials

F(M) = (z1+22+23)°
Moung tarleaux

sp{A} ® sp{2xi(x2 —x3) — x5 + X3, Xi —2x2(x1 —X3) — X3 } B sp{x3 —x1, x2—x3} B sp{1}
—— — 7

] = S
5%—1— + SEE-F

(z1+ 2+ 23)3




The Quantum craze

Comeinatories: Basic hjperaeometric series, g-counting
H-d+EH+E-l - (+a+d@+d*+4q%)
Geometry: g-deformation of cohomoloay

Physics: conformal and topoloaical Quantum field theory



Harmonics Module

M = span o#f all partial derivatives of Vandermonde

sp{A} @ sp{2x(x2 —X3)—x22+x§, x2 —2x2(x1 —X3) —xg} @ sp{xzs—x1,x2—x3} ®sp{l}
N ~——

I T oo

dearee 2- polynomials dearee | polynomials

what are the polynomial dearees in a aiven irreducisle?




Harmonics Module

M = span o#f all partial derivatives of Vandermonde

sp{A} ® sp{2x1(xa —x3) — x5 + X3, Xi —2xa(x1 —X3) —x3 } ® sp{x3—x1,x2—x3} Bsp{1}
E et g &

dearee 2 polynomials dearee | polynomials

Frorenius irreducigle — g s,

—q3s§+q2:ﬂ]+qﬂj+m



Hall-Littlewood Polynomials

For partition = (u1,...

qdlr\v(L) ZL
eel L of
ath in pu—Blocks

of partition u = (4,3,2,2)
has Blocks Of sizes 4,3,2,2

: inerease down vertical runs




Hall-Littlewood Polynomials

For partition = (u1,..

qdir\v(L) ZL

of
path in pu—Blocks

of partition u = (4,3,2,2)
has Blocks Of sizes 4,3,2,2

: inerease down vertical runs

L_ S P S 2
z" = [liogerr 2 = 212523252526 73

dinv(L) courntts inverted larels




Modules, syymmetric functions, comeinatorics
M = Harmonic polynomials
F(M) = Hall-Littlewood polynomial

larelled Dyck paths, dinv-statistic, Young tarleaux

sp{A} & sp{2xa(xe —x3) =5 +53, X —2x2(x1 —x3) =33 } Bsp{x3—x1, 2 —x3} Bsp{1}
~—— ~——
: i L oo
3 2
5+ g + qg +
3 =

Z qdir\v(P) ZP

P=lagelina of
path 1




We'll talk arout
Modules, symmetric functions, comeinatorics
Macdonald goes wild (1980’s)

Catalanimals, a series perspective



Macdonald initiates g, t—theory

—4q —4q
= 1xf 5 —|— xl X3 + (t — 7q)x1%2X3

—4q
Xz 3+ =]

=1

Macdonald prove the existence of a basis

— defined By orthoaonality (use Gram-Schmidt)
— specializing to Hall-Littlewoods
— conjectured to have certain positive expansion

(Garsia-moditied) conjecture: g, t-sumv of Schur functions

Ao p=t%srm+ (qt? + qt + t) g3+ (¢°t° + 1) gg+ (¢°t + gt + q)s§]+qzsa



Garsia—Haiman modules

\Wanted: for each partition,

Sp—wmodule in Q[x, ..., Xn, Y1, ., Ya] UNDEXr 0 1 XY = X (i) Yo())

dearee in x
Fry = t°¢°sm + t0 g thsa:‘ + thsﬁ

maodified Macdonald polynomial



Garsia-Haiman modules

Found
M, — span of partial derivatives of A,

row-l, col-l
< Xr r

1y x
=det |1 y2 x2o| = x3y2 — y3Xa — y1X3 + y1Xo + y3x1 — Yoxq
1 ys x3

Mz = sp{1} @& sp{xs —xi,x1 —x2} @sp{ys —y1,y1 — 2} ©sp{Ap1)}
N N
e B 2u} A

©1) dearee O iny (z,0)

!

/:/2,1:t0q3333+ tq'sg, + thsaj + tqsg



q, t-Example

Bi-araded Module (Garsia/Haiman'92)

M,, = linear span of partial derivatives of A,

Syvmmetric function = Froeenius image (Haiman'O2)

F(M,) = modified Macdonald polynomial

Comprinatorics..



Another Biaraded example

Harmonics = polynomials in n variables

M= {f(x): (02 +---+02)f(x) =0Va>0}
= span oOf all partial derivatives of

extended to A,



Diagonal -Harmonics Module

Polynomials in 2 sets of variables

DH { X,Y) Z@j bf(xy —OVa+b>0}

DHy = sp{x1 — x2,y1 — y2,1}

e ¥ p
:qsﬂ+t155+ Caul



The Froeenius imaae of F(DH,)
D

F(DH2)=(q+t)g+ so

sage: HMact( (q+t)*s([1,1]1)+s([2]) )

t
Hi1—

]-'(D’Hg):t_q T

H>

sage: HMact( s([1,1]) )
1 1
= Hii— H.
513 L




The Froeenius imaae of F(DH,)
D

F(DH2)=(q+t)g+ so

sage: HMact( (q+t)*s([1,1]1)+s([2]) )

t
[y ===

F(DHa) = y— =

sage: HMact( s([1,1]) )
1

t —

1
S13 = Hi1—
i = @) )

(Haiman'O2] F(DH,) = Vs



The Shuffle Conjecture HHLLUOS]

Vsin = Z area(r) Z qdinv(P)zP

P lagels 7

lattice path $rom (0, n) to (n,0) Below diagonal

Larellinas P X
increase down vertical runs

dinv(P) courntts inverted larels




The Shuffle Conjecture HHLLUOS]

Vsin = Z e a(m) Z qdlnv(P)z

P lagels m

lattice path $rom (0, n) to (n,0) Below diagonal

counts s@uares arove T \]

Larellinas P EX
increase down vertical runs

dinv(P) courntts inverted larels




Garsia—-Haiman Modules..comrinatorics
(Garsia/Haiman'92)

M, =linear span of partial derivatives of A,

(Haiman'O2)

F(M,) = modified Macdonald polynomial H,

(Haiman, Haalund, Loehr’OS)

A, => " tmO) [ Tp(z: q)
DcCp



Diaaonal Harmonies

(Garsia/Haiman'92L)

DH,, = harmonies in 2n variagles

(Haiman’O2L)
F(DH,) = Vsys
(Carlsson/Mellit’1S)
Vsie= > = =0 LT (z,q)

Dyck paths

attach an LLT to each path, t-weichted By its area

F




Other q, t-frameworks

Buildina on F(DH,) = Vsi»
Loehr-Warrinaton (2008)

Vsy = Z t2e3(™) [T, (z; q)

7 = nested paths
Of lenaths from A

attach an LLT to each nest of paths,
t-weighted By the sum Of areas of each path in a nest

2
L
P= ok
SAEIE
1 9
3
5




We'll talk arout
Modules, symmetric functions, comeinatorics
Macdonald coes wild (1980’s)

Catalanimals, a series perspective



Back to the drawina roard

Schur function = symmetrization of monomial

s, = o(z") where

f(2)
o(fl2) =3 w (H,-<j(1 - z,-/z,-)>

weS,

Macdonald polynomials
Vs, (g, t-lagellinas of nested Dyck paths)
Vsi» and friends



One parameter study

Hall-Littlewood polynomials (Shimozono-Weyman)

H,(z; q) = pol (“(WD

R, = roots aeove Dyck path
with g, ..., ui-sized Blocks

Ra3p1 =

Ry, = m ey {(172)7 (1’3)}




Hall-Littlewood polynomial example

Hiy(z: g) = pol (cf <( 3 )) Ro1 = E

1—-q9z1/2)(1—-qzn/z
1

nnz+ qRz+ ¢ Rnn/n+ 9850+ 2 +q 2 223+

0'(2111)+qa(2201)+q20'(z3_11)+q0'(2210)+q20'(z300)+q3a'(25_1_1)+- A
S111 q S21
straightening

o(x?) = £o(x") $or weskly decreasina A, or zero



Hall-Littlewood polynomial example

A(21)(2: q) = pol (U <( e )) i E

1—qgz1/2)(1—qzn/z
i

2273+ q22z3s + P/t qn + P2+ P2 )z +- -

0(2111)+q0'(z201)+q20(z3 11)+q0'(2210)+q20'(z300)+q30(z5_1_1)-1-- B

S111 + 0 *M + gs1 + @+q3g(z57171)+. o

S111 + g S



Why Nnot roots arove any Dyck path?

Catalan functions (Panyushev and Haiman)

For Dyck path T,

H(z; q) = pol (‘7 <m>>

R, = set of roots aBove any Dyck path

Theorem. [Blasiak-M-Pun]
Catalan functions are Schur positive for any partition A




H’s time to et series!
. -]

Hall-Littlewood polynomials

Autzia) =pollo (e )

H = pol (U ((1 " q21/zz1)2 iz tzl/Zz))>

sage: s(H)
sace: (q+ t)g3+ s



H’s time to et series!
. -]

Hall-Littlewood polynomials

Autzi) =pol(o( g —= 7= )

H = pol <0' ((1 " q21/zz1)2 iz tzl/Zz))>

sage: s(H)
sace: (q+ t)g3+ s

DHy = sp{x1 — x2,y1 — yo, 1}
N { ¢

Vslz:qsa + tl% + s



Series for diagonal harmonics

o
/
=

N
polynomial part of

Z qdinv(P)XP

lagellinas P of path

o 21 Zn Hi+1<j(1 —qtz/z)
[Tic;(1 = qzi/z)(1 - tzi/z)




Series for diagonal harmonics

polynomial part of

Z qdinv(P)XP

lagellinas P of path

o 21 Zn Hi+1<j(1 —qtz/z)
Hi<j(1 —qzi/z)(1 - tz/z)

LLT Series
oo (m>

Hi<j(1 - qzi/z)

for non-symmetric Hall-Littlewood
polynomials E, = (—q)“") T,z and their duals




Series for diagonal harmonies

N
N ~
'~ m\
: B
BT T
Z qdinv( REER

laellinags P of path

ie; W1t/ ) (1 — t zi/ z;)

W
right hand side

Z tarea(ﬂ/a)/f (WO(F/B(Z; q)Ea(Z; q))

Wity 2/88707)

for non-symmetric Hall-Littlewood
polynomials E, = (—q)" W T,z and their duals




Unstraichtened Series ldentity

Theorem

Hi+1<j(1 —qtz/z) _ Z

Z1 - Z flalWo(Fﬁ(Z;Q)Ea(Z;Q))

"L tz/z)

31,...,817120

where /D) = (1, a1+1,...,a1+ 1) and a = (al, R ,a/_1,0).

Proo$: Cauchy ldentity

H'<J( tqzl_y_j
’— t‘ |E 1
BT Z (z:g7)FRa(y: q)



Catalanimals

For 3 sets of roots Ry, Ry, R: and an inteaer vector A,

2 H(i,j)eth(l —qtz/z)
[Liper,(t = azi/z) [ jyer (1 — tzi/Z)

H(th, Rq, Rta )\) =0 (

Vsin is the polynomial part of

2z [l (1 - qtzi/z)
Miej(1 - 92/2)(1 - t2/2)

Ry = R: = all roots, Ry = all roots \ {(1,2),(2,3),...,(n—1,n)}

H(Rqge, Rg, Re,1") = & (



Catalanimals £or Vs,

the Schur catalanival H(Rg:, Ry, Re; A) has

R\ Ry = pairs of Boxes in the samwe diaaonal,
|:| R: \ Rq: = pPairs aoina Retween adjacent diagonals,

. Rq: = all other pairs




Catalanimals £or Vs,

the Schur catalanival H(Rg:, Ry, Re; A) has

R\ Ry = pairs of Boxes in the samwe diaaonal,
|:| R: \ Rq: = pPairs aoina Retween adjacent diagonals,

B R = all other pairs
2
2

2
110
0j110

A, as a filina of

the z* term: £ill each diagonal D of u with
1+ x(D contains a row start) — x(D contains a row end).



Loehr-Warrinaton Conjecture

Schur catalanimal

z H(l Eth( th,‘/Zj)
H(U)GR( —q2/z) 1 jyer (1 — tzi/z)

Theorem [Blasiak,Haiman,M,Pun,Seelinger]

Vs = Z tarea()\) Z

nested paths lagellina P of
OFf shape A

LLT Series

o [ (Wo(Fs(z: 9)Ea(2: 9))
[Ti;(1 = qzi/z)




Playing with catalanimals

There are catalanimals for any LLT polynomial!

pol(H) = V(LLT,(z; q))
Flu(z; g,t) = Z tmaj(”)LLT,,(z; q)
gt Fu(ziq,t) = > "I PIV(LLT(2: q))
D

Theorem [Blasiak-Haiman-M.-Pun-Seelinger]

11 (1= g menteg gy 11 (10— geayz)

A,=polo|z---z ) UNERa
— 1z —————— | .
' [1.; (1 -qz/z) i er (1—tz/z)




Macanimals

by
b, |
b3 | ba
bs | be
b7 | bg

row readina order

D R: \ Ryt = top of a vertical domino in u

B R = all pairs to rickt of [ ]
Ry = all roots

H (1 o qarm(bi)+1 t—leg(bi)zi/zj) H (1 o qtzi/zj)

2 (ij)ERqt )
[T (1-qz/z) i jer (1 tzi/z)




Macanimals

by
b,
bs by
bs bg
by bg

partition p = 22211

D (t factors)
. (t and gt factors)




Macanimals

l—q%
1—qt’1§—§
l—qzt‘zi—: 1—q§—:
l—qzt'3§1—5 l—qt'li—:

numerator factors 1 — g™ ¢1°8 7 /7,

1 @
1 | @
1 q@?
" 1 @3
Ho2211
1




Now what?

For 3 sets of roots Ry, Ry, R: and an inteaer vector A,

oper (L — 92/2) g gper (L — t2i/2)

H(th, Rq, Rtv A) =0 (

revisit g, t-syymmetric theory starting $rom catalanimal
formulas

explore new families of symmetric functions arising
£rom catalanimals

Mmodules/compinatorics for new families

develop theory around Boosted Macanimals

thank you!



