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How can we enumerate walks in the three quarter plan?

|. Partition the walks by their endpoints

II. Transform the cone

T

I1l. Integral expression of the generating function
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1. Introduction to walks models
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Introduction to walk models

A walk is a sequence of jumps from a step set S.

We are interested in walks that start at the origin, ’—>_,_ g

take steps in S and remain in the three
quarter plane.

S= {(17 0)7 (07 1)’ (_1’ 0)7 (07 _1)}
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Introduction to walk models

A walk is a sequence of jumps from a step set S.

We are interested in walks that start at the origin, ’:I_ g

take steps in S and remain in the three
quarter plane.

S= {(17 0)7 (07 1)’ (_1’ 0)7 (07 _1)}

Objective

The goal is to compute the number of paths ¢; j(n) of length n, starting at (0, 0)
and ending at (/,), with (i >0 or j > 0) and n > 0.
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Walks in the three quarter plane

We focus on walks with small steps: S € {—1,0,1}2\ {(0,0)})

We study the generating function of walks with
small steps

C(x,y) = Z Z cij(n)x'y/t"

n>0 (i,j)eC

Strategy

We want to find an explicit expression of the generating function C(x, y).
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Context

M. Bousquet-Mélou, 2016. Square lattice walks avoiding a quadrant.

Simple and Diagonal walks with various starting points
e Exact expression of the generating function

e Nature of the generating function

New proof of Gessel's conjecture via reflection principle

S. Mustapha, 2016. Non-D-finite excursions walks in a three-quadrant cone.

e Computation of the asymptotic of the number of excursions

T. Budd, 2017. Winding angle of simple walks on the square lattice.
e Enumerating formulas for planar walks keeping track of the winding angle

e Can be used to enumerate simple walks in the three quarter plane

Amélie Trotignon JCB 2019 - Marches dans trois quarts de plan 12 février 2019



Content

2. A first functional equation
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A first functional equation

A combinatorial decomposition - S = {£1,0}2\ {(0,0)}

STy

C(x,y)

Amélie Trotignon
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A first functional Equation in the three quarter plane

The combinatorial decomposition gives a generating function equation

Clx,y) =1+1tS(x,y)Clay) =t | Y Xy | Colx)
(i,—1)eS

—t| Y x| Go(y ) +t6-1,-1C(0,0).
(—1,))eS

Where
Clx,y)= > c;,j(n)xiyjt", Coolx )= > coln)xt,
i>00r j>0 i<0,n>0
n>0 )
G-y = X ajnyt, Go=73 ao(n)t"
j<0,n>0 n>0
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Compare with the functional equation in the quarter plane

QL y) =1+1tS(y)Q(x,y) —t | Y., Xy | Q(x,0)

(i,—1)es

—t Z x71yl ] Q(0,y) + td_1,-1Q(0,0).

(-1,))es

Where
Q(Xay) = Z qi,j(n)xiyjtnv Q(X,O) = Z qi,O(n)Xitnv
i>0,j>0 i>0,n>0
n>0 .
QO,y)= > qoj(n)y/t", Q(0,0)= 3 qoo(n)t"
i>0,n>0 n>0
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A first functional equation in the three quarter plane

Clxy) =14tS(x,y)Clxy) =t Y xy '] Colx7)
(i,—1)eS

=i Z Xilyj Co_(yil) T t5_17_1 C(O, 0)

(—1,)es
Where
Clx,y)= X cjilmxyt", Colx )= X colnx't",
i>0or j>0 i<0,n>0
n>0 )
G-y = X cjnyt’, GCo=23 coln)t"
j<0,n>0 n>0
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3. Functional equations for the 37 /4-cone
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Strategy

Cut the domain into three parts

We decompose the domain of possible ends of the walks into three parts:

Clx,y) = L(x,y) + + U(x, y).

L(Xay) = Z Ci,j(n)Xiyjtna

Three regions of possible
endpoints.
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Aside: Join-the-Shortest-Queue model (JSQ)

Pl
Departures J' ,,,,, _'s i

We consider a model with two queues in which the customers choose the shortest
queue (if the two queues have same length, then the customers choose a queue
according to a fixed probability law).
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Functional equations for the 37 /4-cone

S = {:i:lv 0}2 \ {(07 0)7 (_17 1)7 (17 _1)}

L(x,y) = tS(x, Y)L(x,y) + t(61,0x + do,-1y " )D(x,y) = t(5-10x " + do1y)D*(x, ¥)
— t(é,l,oxfl + (571771X71y71)L07 (yil) =+ t(57170X71 Z co,,l(n)yflt"

n>0
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S = {:i:la 0}2 \ {(07 0)7 (_17 1)7 (17 _1)}

L(X7y) = tS(X7y)L(Xa.y) + t(él,ox + 50,*1y71)D(X7y) - t(6*110X71 + 60»1y)DZ(X7y)

— t(5_1,0X71 + 6_17_1X71y71)l_0_ (yil) + t5_170X71 Z C07_1(n)_y71t"
n>0

U(x,y) = t5(x, y)U(x, y) + t(So1y +6-10x")D(x,y) = t(do,.-1y " + d10x)D"(x, ¥)
— 1.“(507_1y_1 + 5_17_1X_1y_1)U_0(X_1) + t5o7_1y_1 Z C_1,o(n)X_1t"

A7
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S = {:i:la 0}2 \ {(07 0)7 (_17 1)7 (17 _1)}

L(x,y) = tS(x, y)L(x,y) + t(d1.0x + do, -1y ")D(x,y) — t(6-1,0x " + do.1y) D(x, )

— t(é,l,oxfl + (571771X71y71)L07 (yil) =+ t(57170X71 Z co,,l(n)yflt"
n>0

U(x,y) = t5(x, y)U(x, ) + t(Jo1y + 6-10x ")D(x,y) = t(80,-1y "' + 61,0x)D"(x, y)
— t(607,1y71 + 671771X71y71)U70(X71) =+ t60,71y71 Z Cflyo(n)Xilt"

n>0

D(x,y) =14 t(d1,1xy + 5_1,_1x_1y_1)D(x,y) - t5_1’_1x_1y_1co,o(n)

+ t(51,0x + 50,71y71)Du(X,y) — t50771y71 Z Cfl,o(n)Xiltn
n>0

+ t(do,1y + 5_1,0X_1)D£(X,y) — t5_17oX_1 Z Co,_1(n)y_1t"
n>0
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Functional equations for the 37 /4-cone

S = {:i:lv 0}2 \ {(07 0)7 (_17 1)7 (17 _1)}

L(x,y) = tS(x,y)L(x,y) + t(d1.0x + do,-1y ) D(x,y) —‘ t(6-10x"" 4 d01y) D (x, ) ‘

—t(0-r0x P+ 01 ix Ty Lo (y ) +

t6-1,0x 1Y co,—1(n)y "
n>0

UGk, y) = 1506, Y)U(x, ¥)+ (80,1 +6-1.0x)D(x,y) | t(do, -1y~ + 610x)D"(x, )|

— t(8o,—1y '+ 01—1x Ty ) U—o(x7Y) +

téo,_ly_l Z c_170(n)x_1t"
n>0

D(x,y) =1+ t(d1,1xy + 5,1,,1x71y71)D(X,y) - té,ly,lelyflco,o(n)

+‘ t((sl,oX A 50,_1y_1)D”(x,y) ‘— t(So,_1y_1

Z C_1,o(n)X_1t"

n>0

+ | t(foay + 5106 D (x, ) —

t5_1,0X_1 E Co,_1(n)y_1t"
n>0
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Functional equations for the 37 /4-cone

A system of functional equations

For any step set with no jumps (—1,1) or (1,—1) and start at (0,0), one has:
L(x, y)K(x,y) = = xy — [t (5_1,_1 + 01,0%y + Go,—1x + 51,1X2y2) - Xy} D(x, )
+t(0-1,-1+0-10y) Lo-(y) — t (50,71X + 51,0X2y) D*(x,y)
-+ t507_1XZ C_1,o(n)X71tn -+ t($_1,_1C0,o(n).
n>0
U(x, y)K(x,y) = = xy — [t (5—1,—1 + doaxy” + 6-1,0y + 51,1X2y2) - Xy} D(x,y)
+ t(5_1’_1 -+ 507_1X) U_o(X) —t (5_1’0_)/ -+ 50,1Xy2) DE(X,y)

+ té-1,0y Z co,—1(n)y 't + td_1,_1c00(n).
n>0
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4. Transforming the cones
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Transforming the cones

U(x,y) ey




Transforming the cones

U(x,y) /A ]
A/ L WY i | Loy

1 1

. ~ 1 1

1 I

1 I




Transforming the cones

U(x,y) ]
, ’ ,', /QU\) UY”U(X-y) : : L#’L(va)
1 1
' — |
PL 1 1
L(x,y) ‘

J Symmetric case
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Transforming the cones

Change of variables

L) S_..i.#9)
: : SOL(X,_Y) = (Xy,X_l)

|

!

!

|

|

|

|

|

|
Gouyou-Beauchamps | Simple Walks

|

|

!

!

|

|

| Diagonal Walks Big steps Walks

|

>< /I/ pulx,y) = (x,x71y)

Uy (x,y) = Uleu(x,y)) Lo (x,y) = Llp(x,y));
Dyy(y) = D(pu(x,y)); Dy (y) = Dlpu(x,y));
Kou(x,y) = Klou(x,y)). Ko(x,y) = Klpulx,y))-
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New system of functional equations

For any step set with no jumps (—1,1) or (1,—1) and start at (0,0), one has:

Loy (%, y)Ko (x,y) = = xy — [t (5—1,—1X + 010x%y" 4 do,1x°y + 51,1Xy2) - xy] D, (y)
4+t ((571,71X —+ (571,0) L‘PL (X7 0) —t ((50,71X + (51,0Xy) D;U(y)

=+ t507_1X2y Z C_1,0(n)X_1tn + t5_1,_1xc070(n).
n>0

Upy (X, Y) Koy (X, ¥) = — xy — [f (5—1,—1X + d0,1y” + 01,0y + 51,1Xy2) - X}/] Dy, (x,y)

+t (5_17_1X + 507_1X2) U‘PU(X) — t(5_170X + 5071Xy) D:;L(_y)

+ t5_1,0y Z co,_1(n)y_1t" + t5_17_1XC0’0(n).
n>0
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ansforming the cones

A symmetric example
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Transforming the cones

A symmetric example
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Transforming the cones

A symmetric example

/,

/.

Beaton, Owczarek and Rechnitzer, 2018. Exact solution of some quarter plane
walks with interacting boundaries.

Different approach
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5. Analytic method in the case of a symmetric step set
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A single functional Equation

Kou (6 )L (6 Y) = € L, (6,0) = x X3, (1) + 3B 0)| D (1)

1 1
X + EtX6—17—1D¢L(O)'
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The Kernel of the Walks

K(X7)/) :Xy[tS(Xv}/) - 1]

The Kernel: a polynomial of degree 2 in x and in y

K(x,y) = a(y)x* + b(y)x + &(y) = a(x)y® + b(x)y + c(x).

Amélie Trotignon JCB 2019 - Marches dans trois quarts de plan 12 février 2019



The Kernel of the Walks

K(x y) = xy [t5(x,y) —1].
The Kernel: a polynomial of degree 2 in x and in y
K(x,y) = a(y)x® + b(y)x + €(y) = a(x)y + b(x)y + ¢(x).

Discriminant: d(y) = b(y)? —4a(y)e(y) and d(x) = b(x)? — 4a(x)c(x).
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The Kernel of the Walks

K(X7)/) IXy[tS(X,y) - 1]

The Kernel: a polynomial of degree 2 in x and in y

K(x,y) = a(y)x* + b(y)x + &(y) = a(x)y® + b(x)y + c(x).

Discriminant: d(y) = b(y)? —4a(y)e(y) and d(x) = b(x)? — 4a(x)c(x).
Zeros of the Kernel, i =0, 1:

K(Xi(y),y) =0 K(x, Yi(x)) =0
—b(y) £ /d(y) ) = —bx) £ Vd(x)
Xily) = %) Yikx) 2a(x) '

The roots of the kernel define analytic curves.
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Branches of the Kernel

Kernel for Gessel’'s Walks

K(x,y) =y [t (x+xy +x 7T+ x7Ty 1) - 1]

TN
%

x
e
x
&
X
<
5,
EX

3

C

Y ([xq, x2])

X([y1, v2)

X([y1, y2]) for Gessel's walk (t =1/8).  Y([x1,x]) for Gessel's walk (t = 1/8).
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Branches of the Kernel

Kernel for Simple Walks

K(x,y) = xy [t(x—l—y—i—x_l—i—y_l) -1].

X(ba» y2D) Y(lx1, x2])

\
\ﬁ’ A pA

(D
/

y/ y3 Y4

X([y1,y2]) for Simple walk. Y ([x1, x2]) for Simple walk.
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Generating function D(y) stated as a BVP
Generating function D(y) stated as a BVP

Functional Equation

Koa0 )L (609) = € )L (6,0) = % [ <80 + 5Ba0)]| Do)

1 1
- 5% e 5tX5_1,—1D<PL(O)'
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Generating function D(y) stated as a BVP
Generating function D(y) stated as a BVP

Functional Equation

Koat )L (609) = €01 (6,0) = % [ <8 (9) + 50 )]| Dal9)

1 1
= §Xy I 5tX5,17,1D<pL(0).

Riemann-Carleman with shift BVP

By evaluating the functional equation in Y, o and Y, 1, we can transform the
functional equation into the following boundary value problem:

For y € Yo, ([Xp1.1, X1 2]),

V@)D (v) = \ 3o (7) Dy (7) = =y + 7.
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6. Integral expression of the generating function
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Integral expression of the generating function

Contour-integral expression for D(y)

Theorem [Raschel, T., 2018]

Consider a symmetric step set that does not contain the steps (1, —1) and (—1,1).
The diagonal section have the following contour-integral expression:

2 (y)
D — PL
WL(y) \/(WSPL(y) - WSPL( <PL(X90L 1)))(W<PL( ) WWL(Y¢L(X<PL,2)))

1 W;L(z)
2im Loy \/W@L(Z) — Wy, (Yer,1)(We, (2) — wy, ()

dz.

With w,, a known conformal mapping, and L, the contour Yy, ([xy, 1, Xy, 2])-

Amélie Trotignon
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Integral expression of the generating function

Example of the Simple walk

|

|

|

|

|
+ ! 74

| o M‘IJYW(XW’Z)
Simple Walks | Gessel

|

‘ L

PL
w,, (algebraic) can be expressed in terms of Weierstrass elliptic function.

Integral expression for D, (y)

/

_WLpL(y)

\/(W<PL(y) - W‘PL(YWL(XQOLJ)))(W(PL(}/) - WWL(YSOL(XWL,2)))
zw., (2)

De.(y) =

PL dz

1
2im /ﬁ V(@) Wor We ) (W (2) — W)
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Integral expression of the generating function

Summary

Remember - Functional Equation
~ 1~
K¢L(X7.y)L4PL(X?y) = C‘PL(X)L‘PL(X7 0) —X Xa(PL(.y) + EbWL(Y) DW_(Y)

1 1
— Xy + 5tx6_17_1D¢,L(0).

Remember - Domain in three parts

C(X)y):L(Xv)/)"‘ +U(Xy)

Symmetry of the cut and the walk

= U(x,y) = Ly, x).

Amélie Trotignon JCB 2019 - Marches dans trois quarts de plan 12 février 2019



Integral expression of the generating function

Summary
Remember - Functional Equation
~ 1~
Ko (%, ¥)Lo (%, ¥) = € (X)L (X, 0) — X |x3p, (y) + Ebm(}’) Dy, (y)

1 1
- EX}’ + EtX‘Llﬁle(O)’

Remember - Domain in three parts

Clx,y) = L(x,y) + + L(y,x).

e We have an expression of Dy, (y);
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Summary
Remember - Functional Equation
Kou (o)L (5,1) = o (Lo (6,0) = x X3, (9) + 2B ()| D)

1 1
- EX}’ + Etx5,1771D¢L(0).

Remember - Domain in three parts

Clx,y) = L(x,y) + + L(y,x).

e We have an expression of Dy, (y);

e With the functional equation we get an
expression of Ly, (x,¥);
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Integral expression of the generating function

Summary
Remember - Functional Equation
~ 1~
Ko (%, ¥)Lo (%, ¥) = € (X)L (X, 0) — X |x3p, (y) + Ebm(}’) Dy, (y)

1 1
- EX}’ + Etx5,1771D¢L(0).

Remember - Domain in three parts

Clx,y) = L(x,y) + + L(y,x).

e We have an expression of Dy, (y);

e With the functional equation we get an
expression of Ly, (x,¥);

e With a change of variable we get an
expression of D(x,y) and L(x,y);
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Summary
Remember - Functional Equation
Kou (o)L (5,1) = o (Lo (6,0) = x X3, (9) + 2B ()| D)

1 1
- EX}’ + EtX(LlﬁlDwL(O)’

Remember - Domain in three parts

Clx,y) = L(x,y) + + L(y,x).

e We have an expression of Dy, (y);

e With the functional equation we get an
expression of Ly, (x,¥);

e With a change of variable we get an
expression of D(x,y) and L(x,y);

e Then we have an expression of C(x,y).
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7. Further objectives and perspectives
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Further Objectives and Perspectives

Limitations of our method

We made a restriction to:

e Symmetric step sets.
e Step sets with no jumps (—1,1) and (1,-1).

Otherwise, we have to deal with too many variables and/or with walks with big
steps.

Objectives

e Simplify the contour integral expression.

e Series expansion of the generating function.

Amélie Trotignon JCB 2019 - Marches dans trois quarts de plan 12 février 2019 37 /38



References

References

@ M. Bousquet-Mélou, Square lattice walks avoiding a quadrant, J. Combin.
Theory Ser. A 144 (2016), 37-79. MR 3534064

@ G. Fayolle, R. lasnogorodski, and V. Malyshev, Random walks in the quarter
plane, second ed., Probability Theory and Stochastic Modelling, vol. 40,
Springer, Cham, 2017, Algebraic methods, boundary value problems,
applications to queueing systems and analytic combinatorics. MR 3617630

@ K. Raschel, Counting walks in a quadrant: a unified approach via boundary
value problems, J. Eur. Math. Soc. (JEMS) 14 (2012), no. 3, 749-777. MR
2911883

@ K. Raschel and A. Trotignon, On walks avoiding a quadrant, arXiv
1807.08610 (2018), 1-27.

Amélie Trotignon JCB 2019 - Marches dans trois quarts de plan 12 février 2019 38 /38



	Introduction to walks models
	A first functional equation
	Functional equations for the 3/4-cone
	Transforming the cones
	Analytic method in the case of a symmetric step set
	The Kernel of the Walks
	Generating function D(y) stated as a BVP

	Integral expression of the generating function
	Further objectives and perspectives

