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Deciding non holonomy

Question : Decide if a function f =" apx" is not holonomic?

neN
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Deciding non holonomy

Question : Decide if a function f = apx" is not holonomic?
neN

Analytic strategy : Show that f does not fulfill some regularity criteria :
An holonomic function has
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Deciding non holonomy

Question : Decide if a function f = ZHGN apx" is not holonomic?
Analytic strategy : Show that f does not fulfill some regularity criteria :
An holonomic function has

@ Finite number of singularities

Generating series for quarter plane walks : Kernel Method and action of the
group of the Walk (for instance strategy of Bousquet-Mélou and Petkovsek)
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Deciding non holonomy

Question : Decide if a function f = ZHGN apx" is not holonomic?
Analytic strategy : Show that f does not fulfill some regularity criteria :
An holonomic function has

@ Finite number of singularities
Generating series for quarter plane walks : Kernel Method and action of the
group of the Walk (for instance strategy of Bousquet-Mélou and Petkovsek)
e Good asymptotic : a, = O(n!?) for some integer d
Non holonomy of P(x) := ", .y pnx" with p, is the integer partition
e 2n/3

e
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Deciding differential transcendance

A function f(x) is differentially algebraic over C(x) if there exist n € N and
P € C(x)[Xo, ..., Xa]* such that P(f,f' ... f(M)=0.
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Deciding differential transcendance

A function f(x) is differentially algebraic over C(x) if there exist n € N and
P € C(x)[Xo, ..., Xa]* such that P(f,f' ... f(M)=0.
The class of Diff. alg. functions is too wild from an analytic point of view.
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Deciding differential transcendance

A function f(x) is differentially algebraic over C(x) if there exist n € N and
P € C(x)[Xo, ..., Xa]* such that P(f,f' ... f(M)=0.
The class of Diff. alg. functions is too wild from an analytic point of view.
o Singularities :
» ((x) =) & is diff. trans. and has one single pole.
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Deciding differential transcendance

A function f(x) is differentially algebraic over C(x) if there exist n € N and
P € C(x)[Xo, ..., Xa]* such that P(f,f' ... f(M)=0.
The class of Diff. alg. functions is too wild from an analytic point of view.

o Singularities :

» ((x) =" & is diff. trans. and has one single pole.

> P(x) = I cn- - is diff. alg and has infinite number of singularities.
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Deciding differential transcendance

A function f(x) is differentially algebraic over C(x) if there exist n € N and
P € C(x)[Xo,- - ., Xa]* such that P(f,f',..., f(") =0.
The class of Diff. alg. functions is too wild from an analytic point of view.
o Singularities :
» ((x) = % is diff. trans. and has one single pole.
» P(x) = HkEN* ﬁ is diff. alg and has infinite number of singularities.

o Asymptotics : |a,| < eld+)mog(n) for all ¢ > 0 (Sibuya-Sperber)
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Deciding differential transcendance

A function f(x) is differentially algebraic over C(x) if there exist n € N and
P € C(x)[Xo,- - ., Xa]* such that P(f,f',..., f(") =0.
The class of Diff. alg. functions is too wild from an analytic point of view.

o Singularities :

» ((x) = % is diff. trans. and has one single pole.

» P(x) = HkEN* ﬁ is diff. alg and has infinite number of singularities.
o Asymptotics : |a,| < eld+)mog(n) for all ¢ > 0 (Sibuya-Sperber)

Conclusion : Analytic criteria might fail for proving differential transcendance.
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The discrete equation

Many of the generating series satisfy discrete equations.
For instance :
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The discrete equation

Many of the generating series satisfy discrete equations.
For instance :

® > ,cn anx" with (a,) a sequence of p-automatic numbers satisfies
a linear p-Mahler equation :

FO) - ana () () 44 a0(x) = 0.
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The discrete equation

Many of the generating series satisfy discrete equations.
For instance :

® > ,cn anx" with (a,) a sequence of p-automatic numbers satisfies
a linear p-Mahler equation :

)+ an 1 ()F (") + -+ + a0(x) = 0.

e Q(x,y,z,t) the generating series, counting walks in the quarter plane, is
related to a function f(w) that satisfies
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The discrete equation

Many of the generating series satisfy discrete equations.
For instance :

® > ,cn anx" with (a,) a sequence of p-automatic numbers satisfies
a linear p-Mahler equation :

)+ an 1 ()F (") + -+ + a0(x) = 0.

e Q(x,y,z,t) the generating series, counting walks in the quarter plane, is
related to a function f(w) that satisfies

» Genus zero :

f(qw) = f(w) + b(w)
with g € R\ £{1} and b(w) € C(w).
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The discrete equation

Many of the generating series satisfy discrete equations.
For instance :

® > ,cn anx" with (a,) a sequence of p-automatic numbers satisfies
a linear p-Mahler equation :

n—1

F(XP") + an 1(X)F(xP" ) + -+ + ap(x) = 0.

e Q(x,y,z,t) the generating series, counting walks in the quarter plane, is
related to a function f(w) that satisfies

» Genus zero :
f(qw) = f(w) + b(w)
with g € R\ £{1} and b(w) € C(w).
» Genus 1:

f(w+ ws3) = f(w) + b(w)
with w3 € C* and b(w) an elliptic function.
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Algebraic strategy

Use the discrete equation
to determine
a potential set of algebraic or differentially algebraic relations
for the generating series.
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /y(x) that satisfies /;(gx) = Io(x) + 1 is algebraic.
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /y(x) that satisfies /;(gx) = Io(x) + 1 is algebraic.
Let

lg(x)" + a,,_l(x)lq(x)"_1 + ...+ a(x) =0, (2.1)
be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /(x) that satisfies Iq(gx) = I4(x) + 1 is algebraic.
Let

lg(x)" + an_l(x)lq(x)"_1 + ...+ a(x) =0, (2.1)
be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
Change x into gx in (2.1) to find

lg(@x)™ 4 an—1(gx)lq(gx)™ 1 + ... + ap(gx) = 0. (2.2)
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /(x) that satisfies Iq(gx) = I4(x) + 1 is algebraic.
Let

lg(x)" + an_l(x)lq(x)"_1 + ...+ a(x) =0, (2.1)

be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
Change x into gx in (2.1) to find

lg(@x)™ 4 an—1(gx)lq(gx)™ 1 + ... + ap(gx) = 0. (2.2)

Use l4(gx) = lo(x) + 1 in (2.2)
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /(x) that satisfies Iq(gx) = I4(x) + 1 is algebraic.
Let

lg(x)" + an_l(x)lq(x)"_1 + ...+ a(x) =0, (2.1)

be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
Change x into gx in (2.1) to find

(Ig(x) +1)" + an—1(qx)(lg(x) + )" + ... + a(gx) = 0. (2.2)

Use l4(gx) = lo(x) + 1 in (2.2)
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /(x) that satisfies Iq(gx) = I4(x) + 1 is algebraic.
Let

lg(x)" + an_l(x)lq(x)"_1 + ...+ a(x) =0, (2.1)

be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
Change x into gx in (2.1) to find

(Ig(x) +1)" + an—1(qx)(lg(x) + )" + ... + a(gx) = 0. (2.2)

Use I;(gx) = I4(x) + 1 in (2.2) and eliminate /;(x)" between (2.1) and (2.2),
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /,(x) that satisfies I;(gx) = l;(x) + 1 is algebraic.
Let

lg(x)" + an_l(x)lq(x)"_1 + ...+ a(x) =0, (2.1)
be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
Change x into gx in (2.1) to find

(Ig(x) +1)" + an—1(qx)(lg(x) + )" + ... + a(gx) = 0. (2.2)

Use I;(gx) = I4(x) + 1 in (2.2) and eliminate /;(x)" between (2.1) and (2.2),we
find

(an—1(gx) — ap—1(x) + n)/q(x)”f1 ..+ (bo(x)) = 0.
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /,(x) that satisfies I;(gx) = l;(x) + 1 is algebraic.
Let

()" + an_1(x)lg(x)" 1 + ...+ ao(x) = 0, (2.1)

be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
Change x into gx in (2.1) to find

(Ig(x) +1)" + an—1(qx)(lg(x) + )" + ... + a(gx) = 0. (2.2)
Use I;(gx) = I4(x) + 1 in (2.2) and eliminate /;(x)" between (2.1) and (2.2),we
find
(an-1(gx) — an—1(x) + n)lg(x)"* ... + (bo(x)) = 0.

By minimality, we must have

an—1(gx) — ap—1(x) = —n with a,_1(x) € C(x).
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Elementary Proof of Transcendence of I,

Suppose to the contrary that /,(x) that satisfies I;(gx) = l;(x) + 1 is algebraic.
Let

()" + an_1(x)lg(x)" 1 + ...+ ao(x) = 0, (2.1)

be a minimal relation with a;(x) € C(x), ap(x) # 0, n > 0.
Change x into gx in (2.1) to find

lg(@x)™ 4 an—1(gx)lq(gx)™ 1 + ... + ap(gx) = 0. (2.2)
Use I;(gx) = I4(x) + 1 in (2.2) and eliminate /;(x)" between (2.1) and (2.2),we
find
(an-1(gx) — an—1(x) + n)lg(x)"* ... + (bo(x)) = 0.

By minimality, we must have

an—1(gx) — ap—1(x) = —n with a,_1(x) € C(x).

Absurd !
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Note that
an-1(9X) = ap-1(x) = =n = =n ¥ 1 = =n(ly(ax) = f(x))
§
() — =8 (1) — 2220,

That is lg(x) — a"*Tl(X) is an elliptic function, a meromorphic function fixed by x
goes to gx !
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Galois theory of difference equations
systematizes
this naive elimination process
in order to determine
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Galois theory of difference equations
systematizes
this naive elimination process
in order to determine

@ the potential algebraic relations for the series :

Charlotte Hardouin (IMT- Toulouse) en collaboratioMéthodes galoisiennes pour I'indépendance différentil Ci i ire de 8/31




Galois theory of difference equations
systematizes
this naive elimination process
in order to determine

@ the potential algebraic relations for the series :

Charlotte Hardouin (IMT- Toulouse) en collaboratioMéthodes galoisiennes pour I'indépendance différentil Ci i ire de 8/31




Galois theory of difference equations
systematizes
this naive elimination process
in order to determine

@ the potential algebraic relations for the series :
lq(x) — a”‘Tl(X) is an elliptic function.
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Galois theory of difference equations
systematizes
this naive elimination process
in order to determine

@ the potential algebraic relations for the series :
lq(x) — a”‘Tl(X) is an elliptic function.

@ the associated algebraic relations between the coefficients of the discrete
equation
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Galois theory of difference equations
systematizes
this naive elimination process
in order to determine

@ the potential algebraic relations for the series :
lq(x) — a”‘Tl(X) is an elliptic function.

@ the associated algebraic relations between the coefficients of the discrete
equation

lg(gx) — lg(x) =1 and I, algebraic
I
—n.1 = ap_1(gx) — ap—1(x) with a,_1(x) € C(x).
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Galoisian criteria

Abstract setting : A o-0-field K is a field with an automorphism ¢ and a
derivation & commuting with o.
K? = {f € K|o(f) = f} the field of constants of K.
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Galoisian criteria

Abstract setting : A o-0-field K is a field with an automorphism ¢ and a
derivation & commuting with o.

K? = {f € K|o(f) = f} the field of constants of K.

Theorem (Galoisian criteria)
Let K be a o-6-field and let b € K.
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Galoisian criteria

Abstract setting : A o-0-field K is a field with an automorphism ¢ and a
derivation & commuting with o.

K? = {f € K|o(f) = f} the field of constants of K.
Theorem (Galoisian criteria)

Let K be a o-6-field and let b € K.
Let f € L, a o-4-field extension of K, such that o(f) = f + b.
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Galoisian criteria

Abstract setting : A o-0-field K is a field with an automorphism ¢ and a
derivation & commuting with o.
K? = {f € K|o(f) = f} the field of constants of K.

Theorem (Galoisian criteria)

Let K be a o-6-field and let b € K.
Let f € L, a o-4-field extension of K, such that o(f) = f + b.
Assume that K7 is algebraically closed.
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Galoisian criteria

Abstract setting : A o-0-field K is a field with an automorphism ¢ and a
derivation & commuting with o.
K? = {f € Kl|o(f) = f} the field of constants of K.

Theorem (Galoisian criteria)

Let K be a o-0-field and let b € K.

Let f € L, a o-4-field extension of K, such that o(f) = f + b.

Assume that K7 is algebraically closed.

Then, f is differentially transcendental over K

if there are nor € N, v1,...,v.+1 € K? not all zero and g € K such that

b+ ... +7410"(b) = 0(g) — &
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Galoisian criteria

Abstract setting : A o-0-field K is a field with an automorphism ¢ and a
derivation & commuting with o.
K? = {f € Kl|o(f) = f} the field of constants of K.

Theorem (Galoisian criteria)

Let K be a o-0-field and let b € K.

Let f € L, a o-4-field extension of K, such that o(f) = f + b.

Assume that K7 is algebraically closed.

Then, f is differentially transcendental over K

if there are nor € N, v1,...,v.+1 € K? not all zero and g € K such that

b+ ... +7410"(b) = 0(g) — &

00 = do = o(6'(F)) = 6'(F) + 6'(b)
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Galoisian criteria

Abstract setting : A o-0-field K is a field with an automorphism ¢ and a
derivation & commuting with o.
K? = {f € Kl|o(f) = f} the field of constants of K.

Theorem (Galoisian criteria)

Let K be a o-0-field and let b € K.

Let f € L, a o-4-field extension of K, such that o(f) = f + b.

Assume that K7 is algebraically closed.

Then, f is differentially transcendental over K

if there are nor € N, v1,...,v.+1 € K? not all zero and g € K such that

b+ ... +7410"(b) = 0(g) — &

00 = do = o(6'(F)) = 6'(F) + 6'(b)

’71f+ +’Yr+1(sr(f) — g€ L°
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Walks
Consider the walks in the quarter plane starting from (0, 0) with steps in a fixed set
D C {<_7\7T7/‘,_>7\7~L71/}'

Example with possible directions

D= NN
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Walks
Consider the walks in the quarter plane starting from (0, 0) with steps in a fixed set
D C {<_7\7T7/‘,_>7\7\I/71/}'

Example with possible directions

D= NN

256 possible choices for D. For unweighted walks, Triviality, Symmetries = 79
interesting ones.

Charlotte Hardouin (IMT- Toulouse) en collaboratioMéthodes galoisiennes pour l'indépendance différentifi [T TSN ol T I ET SN N LI LR T 10 /31



Application to the walks

Let W be a walk with D C {(/,) i,j = —1,0,1} and weights d; ; € Q.
The generating series Qu(x,y,t) = >, . P ((0,0) =¥ (/,5)) x'y*t* satisfies
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Application to the walks

Let W be a walk with D C {(/,) i,j = —1,0,1} and weights d; ; € Q.
The generating series Qu(x,y,t) = >, . P ((0,0) =¥ (/,5)) x'y*t* satisfies

KW(Xa.ya t)QW(X7y7 t) =
Xy — KW(X7 Ou t)QW(X707 t) - KW(07y7 t)QW(Oa.yu t)
+ Kw (0,0, t)Qw (0,0, t).
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Application to the walks

Let W be a walk with D C {(/,) i,j = —1,0,1} and weights d; ; € Q.
The generating series Qu(x,y,t) = >, . P ((0,0) =¥ (/,5)) x'y*t* satisfies
KW(Xa)/a t)QW(vav t) =
Xy — KW(X7 Ou t)QW(X707 t) - KW(07y7 t)QW(Oa.yu t)
+ Kw(O, 0, t)Qw(O, 0, t).

where

Kw(x,y,t)i=xy | 1—t Z dijx'y!
(i.)eD
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Application to the walks

Let W be a walk with D C {(/,) i,j = —1,0,1} and weights d; ; € Q.
The generating series Qu(x,y,t) = >, . P ((0,0) =¥ (/,5)) x'y*t* satisfies
KW(Xa)/a t)QW(vav t) =
Xy — KW(X7 Ou t)QW(X707 t) - KW(07y7 t)QW(Oa.yu t)
+ Kw(O, 0, t)Qw(O, 0, t).

where

Kw(x,y,t)i=xy | 1—t Z dijx'y!
(i.)eD
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The Kernel of the walk : a curve

The Kernel Eyy, of the walk is

Ew = {(x,y) € P* x P'[Ky(x,y, t) = 0}.
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The Kernel of the walk : a curve

The Kernel Eyy, of the walk is

Ew = {(x,y) € P* x P'[Ky(x,y, t) = 0}.

Therefore, either
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The Kernel of the walk : a curve

The Kernel Eyy of the walk is

Ew = {(x,y) € P* x P'[Ky(x,y, t) = 0}.

Therefore, either

o FEyy is reducible;
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The Kernel of the walk : a curve

The Kernel Eyy of the walk is

Ew = {(x,y) € P* x P'[Ky(x,y, t) = 0}.

Therefore, either
o FEyy is reducible;
o by ~ C/(Zw; + Zw,) is an elliptic curve (genus 1);
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The Kernel Eyy, of the walk is

Ew = {(x,y) € P* x P'[Ky(x,y, t) = 0}.

Therefore, either
o FEyy is reducible;
o by ~ C/(Zw; + Zw,) is an elliptic curve (genus 1);
e Eyy ~ PY(C) has one singular point and is a genus zero curve.
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The Kernel of the walk : a curve

The Kernel Eyy, of the walk is

Ew = {(x,y) € P* x P'[Ky(x,y, t) = 0}.

Therefore, either
o FEyy is reducible;
o by ~ C/(Zw; + Zw,) is an elliptic curve (genus 1);
e Eyy ~ PY(C) has one singular point and is a genus zero curve.
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Group of the Walk

Fayolle, lasnorodski, Malyshev (1999), Bousquet-Mélou, Mishna (2010) define and

classify the group of the walk.

Ey = {(va) | KW(X’.y’ t) :0}

nxy) = (5

1 Z(—l,j)evyj
i’

Zariski

1 Z(i,—l)GD Xi)
Y E(i,+1)E’D x!

y)

(+1,j)€‘DyJ

ow = L o 11 generates Gy
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Holonomic results

Results : For the 79 unweighted walks

e |G| < oo for 23 walks = Qw(x, y, t) algebraic or holonomic.
— A. Bostan, M. Bousquet-Mélou, M. van Hoeij, M. Kauers, M. Mishna, ...

Charlotte Hardouin (IMT- Toulouse) en collaboratioMéthodes galoisiennes pour I'indépendance différentil C i ire de 14 / 31




Holonomic results

Results : For the 79 unweighted walks
o |Gyy| < oo for 23 walks = Qyw(x, y, t) algebraic or holonomic.
— A. Bostan, M. Bousquet-Mélou, M. van Hoeij, M. Kauers, M. Mishna, ...
@ |Gyy| = oo for 56 walks = Qy(x, y, t) not holonomic.

» 51 walks with genus(Eyy) = 1 —A. Bostan, I. Kurkova, K. Raschel, B. Salvy, ...
> 5 walks with genus(Eyy) = 0 — S. Melzcer, M. Mishna, A. Rechnitzer, ...
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Holonomic results

Results : For the 79 unweighted walks
o |Gyy| < oo for 23 walks = Qyw(x, y, t) algebraic or holonomic.
— A. Bostan, M. Bousquet-Mélou, M. van Hoeij, M. Kauers, M. Mishna, ...
@ |Gyy| = oo for 56 walks = Qy(x, y, t) not holonomic.

» 51 walks with genus(Eyy) = 1 —A. Bostan, I. Kurkova, K. Raschel, B. Salvy, ...
> 5 walks with genus(Eyy) = 0 — S. Melzcer, M. Mishna, A. Rechnitzer, ...

o Differentially Algebraic? With weights?
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Caracterization of the genus zero case (D.-H.-R.-S.)

Fix t ¢ Q
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Caracterization of the genus zero case (D.-H.-R.-S.)

Fix t ¢ Q

Up to symmetries, all the weighted genus zero walks corresponds to the following

T

In that situation, the singular point is Q = (0,0) C P! x P!
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Parametrization for the genus zero

Genus 0 (D.H.R.S.) Let ¢ : P}(C) — Eyy,w + (x(w), y(w)) birational such that
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Parametrization for the genus zero

Genus 0 (D.H.R.S.) Let ¢ : P}(C) — Eyy,w + (x(w), y(w)) birational such that
e ¢:PL\ ¢ 1(Q) = Ew \ {Q} is a bijection and ¢~ 1(Q2) = {0, 00}
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Parametrization for the genus zero

Genus 0 (D.H.R.S.) Let ¢ : P}(C) — Ew,w +— (x(w), y(w)) birational such that
e ¢:PL\ ¢ 1(Q) = Ew \ {Q} is a bijection and ¢~ 1(Q2) = {0, 00}
@ The following diagrams are commutative

Pl % F, Pl — % E
lw»—% lu lw»—% le
P %5 E Pl %> E,

so that

Pl % F,

lwb—mw \LUW

Pl %L F,

with g € R\ {£1} depending on t.
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
We have for |x|, ly] < 1,
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
We have for |x|, ly] < 1,

KW(X7y7 t)QW(Xayv t) = Xy*FW(X,O, t)iFW(O7.y7 t)+FW(0707 t)
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
We have for |x|, |y| <1 and (x,y) € Ey,

0

Xy*FW(XvO7t)7FW(07y7t)+FW( 7t)
XLl()/)_FW(X707 t)_FW(Ole( ) t)+F( ,0, t)
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
We have for |x|, |y| < 1 and (x,y) € Ep,

0 Xy*FW(X,O, t)iFW(Ov.yv t)+FW( 7t)
XLl()/) - FW(X707 t) - FW(Ole( ) t) + F( ,0, t)

Subtracting, we find

x(t(y) = y) = Fw(0, t1(y), t) — Fw(0,y, t)
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
We have for |x|, |y| < 1 and (x,y) € Ew,

0

Xy*FW(XvO7t)7FW(07y7t)+FW( 7t)
= XLl()/)_FW(X707t)_FW(07L1( ) t)+F( 707t)

Subtracting, we find
X(Ll(y) - y) = UW(FW(O,y, t)) - FW(ana t)

With the parametrization and f(w) = Fy (0, y(w), t) and ow(y(w)) = y(qw), we
have
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
We have for |x|, |y| < 1 and (x,y) € Ew,

0

Xy*FW(XvO7t)7FW(07y7t)+FW( 7t)
= XLl()/)_FW(X707t)_FW(07L1( ) t)+F( 707t)

Subtracting, we find
X(Ll(y) - y) = UW(FW(O,y, t)) - FW(ana t)

With the parametrization and f(w) = Fy (0, y(w), t) and ow(y(w)) = y(qw), we
have

f(qw) — f(w) = b(w) € C(w)
with b(w) = x(t1(y) — y) o ¢(w)
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The dynamical functional equation-genus zero (D-H-R-S)

Fix 0 < t < 1 transcendental over Q and set Fy(x,y,t) = Kw(x,y, t)Qw(x,y,t)
We have for |x|, |y| < 1 and (x,y) € Ew,

0 xy = Fw(x,0,t) = Fw(0,y,t) + Fw(0,0, t)
XLl()/) - FW(X707 t) - FW(Ole( ) )+ F(0707 t)

Subtracting, we find

X(Ll(y) - )/) = UW(FW(O7y7 t)) - FW(ana t)

With the parametrization and f(w) = Fy (0, y(w), t) and ow(y(w)) = y(qw), we
have

f(qw) — f(w) = b(w) € C(w)
with b(w) = x(t1(y) — y) 0 d(w)
Lemma
° ((C(w),a( ) =quw,d = wdi) is a o-0-field.
o f(w) is L-trans. iff Q(0,y,t) is d——trans
° f(w)—f( ) = b(w)
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The dynamical functional equation-genus 1 (Kurkova-Rashel)

For the genus 1 walks, one finds a parametrization ¢ : C — Eyy,w — (x(w), y(w))
and w1, wo, w3 € C* such that
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The dynamical functional equation-genus 1 (Kurkova-Rashel)
For the genus 1 walks, one finds a parametrization ¢ : C — Eyy,w — (x(w), y(w))
and w1, wo, w3 € C* such that

o Eyy ~ C/Zwy + Zwy and ¢ is wy-wy-periodic and

c—2~Ep

lw—mﬂug law

c—2~Epy
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The dynamical functional equation-genus 1 (Kurkova-Rashel)
For the genus 1 walks, one finds a parametrization ¢ : C — Ey,w — (x(w), y(w))

and w1, wo, w3 € C* such that
o Eyy ~ C/Zwy + Zwy and ¢ is wy-wy-periodic and

c—2~Ep

lw—wﬂug lUW

c—2~Epy

@ Setting f(w) = F (0, y(w), t), we have
flw+ws) — f(w) = b(w)

with b(w) = x(11(y) — y) o ¢p(w) is wy-wp-periodic
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The dynamical functional equation-genus 1 (Kurkova-Rashel)

For the genus 1 walks, one finds a parametrization ¢ : C — Ey,w — (x(w), y(w))
and w1, wo, w3 € C* such that
o Eyy ~ C/Zwy + Zwy and ¢ is wy-wy-periodic and

c—2~Ep

lwt—ﬂuﬂug lUW

c—2~Epy

@ Setting f(w) = F (0, y(w), t), we have
flw+ws) — f(w) = b(w)
with b(w) = x(11(y) — y) o ¢p(w) is wy-wp-periodic

Let Cg be the field of w;-w,-periodic.
Lemma

o (Ce,0(w) =w+ws,d = L) is a o-5-field.

o f(w) is -trans. iff Q(0,y,t) is d%—trans.

o f(w+ws)— flw) = b(w)
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Diff. transcendance Criteria

From Galois theoretic criteria, it follows :
The generating series Q(x, y, t) is differentially algebraic if

@ Genus 1 : there exist g an wy-wy-periodic function, ¢, ..., c,—1 € C not all
zero and n > 0 such that

———1(b) + -+ + b = g(w + ws) — g(w)
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Diff. transcendance Criteria

From Galois theoretic criteria, it follows :
The generating series Q(x, y, t) is differentially algebraic if

@ Genus 1 : there exist g an wy-wy-periodic function, ¢y,

, ..., Ch_1 € C not all
zero and n > 0 such that
d" dn—l
dw”(b) + Cnflm(b) + -+ b= g(w+ws) — g(w)
@ Genus 0 : there exist g € C(w), ¢p,...,¢c—1 € C not all zero and n > 0 such
that

dn dn—l
dw"(b)+c,, 19T 7(b) + -+ cob = g(qw) —

g(w)
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Diff. transcendance Criteria

From Galois theoretic criteria, it follows :
The generating series Q(x, y, t) is differentially algebraic if

@ Genus 1 : there exist g an wy-wy-periodic function, ¢, ..., c,—1 € C not all
zero and n > 0 such that

W(b)+--~+c<)b:g(w+w3) —g(w)

@ Genus 0 :

there exist g € C(w), co,
that

dn dn—l
dw"(b) + Cnflm(b) +--- 4+ b = g(qw) — g(w)

Such kind of equation are called telescoping equations.

...,Ch_1 € C not all zero and n > 0 such
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Telescoper criteria (genus zero)

Lemma (Chen-Singer 2012)

Let g € C, not a root of unity and b(w) € C(w). The following statement are
equivalent

@ There exists g € C(w), co,...,¢cn—1 € C not all zero and n > 0 such that

dn dn—l
dwn(b)+cn ld n— 1(b)+-~-+c0b:g(qw)—g(w)

@ There exists g € C(w) such that b(w) = g(qw) — g(w)

@ The g-orbit residues of b at non zero poles are equal to zero and b has no
constant terms in its partial fraction decomposition.
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Telescoper criteria (genus zero)

Lemma (Chen-Singer 2012)

Let g € C, not a root of unity and b(w) € C(w). The following statement are
equivalent

@ There exists g € C(w), co,...,¢cn—1 € C not all zero and n > 0 such that

dn dn—l
dwn(b)+cn ld n— 1(b)+---+c0b:g(qw)—g(w)

@ There exists g € C(w) such that b(w) = g(qw) — g(w)

@ The g-orbit residues of b at non zero poles are equal to zero and b has no
constant terms in its partial fraction decomposition.

Example for g-orbit residues : b(w) = —15 + ﬁ + ﬁ

o the poles {1,1/q} belong to the same g-orbit, i.e., 1/q € ¢%.1
e g—res(l,1)=1
e g—res(l,2)=-1+2=1
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Corollaire
If a rational function b(w) has

Q@ a pole wq of order m;

@ such that there is no other pole of b(w) in q?wqy of order greater than or
equal to m,

then there is no g(w) such that b(w) = g(qw) — g(w).
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Strategy

Prove that Q(x,y,t) is diff. trans. :
Suppose to the contrary that Q(x,y, t) is diff. alg. Then,

o f(w) is diff. alg. (Parametrization of the Kernel)
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Strategy

Prove that Q(x,y,t) is diff. trans. :
Suppose to the contrary that Q(x,y, t) is diff. alg. Then,

o f(w) is diff. alg. (Parametrization of the Kernel)
@ b(w) = x(t1(y) — ¥) o ¢(w) has a telescoper (Galoisian Criteria)
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Strategy

Prove that Q(x,y,t) is diff. trans. :
Suppose to the contrary that Q(x,y, t) is diff. alg. Then,

o f(w) is diff. alg. (Parametrization of the Kernel)
@ b(w) = x(t1(y) — ¥) o ¢(w) has a telescoper (Galoisian Criteria)

e If x(t1(y) — y) has a pole in P! x P! of order m, isolated on its oyy-orbit
then b(w) has no telescoper. (Residue criteria for telescopers)
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Application to genus zero walk

The following theorem holds
Theorem (D-H-R-S)

For all the genus zero walks, the generating series Q(x,y, t) is differentially
transcendental.
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An example

Consider the unweighted walk \ with

Ew = {(Ix0 : x1], [yo : y1]) € P* x P! |xox1yoy1 — tx3y7 — tvgx3 — txoxyg = O}

and
—X1 — 4t2X1 — 4txg

(x1 + x0)?

(x(ua(y) = y))* = %
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An example

Consider the unweighted walk \ with

Ew = {(Ix0 : x1], [yo : y1]) € P* x P! |xox1yoy1 — tx3y7 — tvgx3 — txoxyg = O}

and

2 2
_ 2 Xy —x1—4t°x — Atxg
(X(Ll(y) .y)) - tX13 . (Xl + X0)2
On Ey :

e x; = 0 gives —ty? = 0. Thus,

Py =([1:0],[1:0]) counts for 2
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An example

Consider the unweighted walk \ with

Ew = {(Ix0 : x1], [yo : y1]) € P* x P! |xox1yoy1 — tx3y7 — tvgx3 — txoxyg = O}

and

2 2
_ 2 Xy —x1—4t°x — Atxg
(X(Ll(.y) .y)) - tX13 . (Xl + X0)2
On Ey :

e x; = 0 gives —ty? = 0. Thus,

Py =([1:0],[1:0]) counts for 2

° x; = —Xg gives —y1(yo + ty1) = 0. This gives
@ =([-1:1],[1:0]) and @ = ([-1:1],[-t:1]).
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An example

Consider the unweighted walk \ with

Ew = {(Ix0 : x1], [yo : y1]) € P* x P! |xox1yoy1 — tx3y7 — tvgx3 — txoxyg = O}

and

2 2
_ 2 Xy —x1—4t°x — Atxg
(X(Ll(.y) .y)) - tX13 . (Xl + X0)2
On Ey :

e x; = 0 gives —ty? = 0. Thus,

Py =([1:0],[1:0]) counts for 2

° x; = —Xg gives —y1(yo + ty1) = 0. This gives
@ =([-1:1],[1:0]) and @ = ([-1:1],[-t:1]).

Finally, x(¢1(y) — y) has
@ a pole of order 3 at P = ([1:0],[1:0])
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An example

Consider the unweighted walk \ with

Ew = {(Ix0 : x1], [yo : y1]) € P* x P! |xox1yoy1 — tx3y7 — tvgx3 — txoxyg = O}

and

2 2
_ 2 Xy —x1—4t°x — Atxg
(X(Ll(.y) .y)) - tX13 . (Xl + X0)2
On Ey :

e x; = 0 gives —ty? = 0. Thus,

Py =([1:0],[1:0]) counts for 2

° x; = —Xg gives —y1(yo + ty1) = 0. This gives
@ =([-1:1],[1:0]) and @ = ([-1:1],[-t:1]).
Finally, x(¢1(y) — y) has

@ a pole of order 3 at P = ([1:0],[1:0])
@ and two single poles at Q1 and Q».
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¢ is a bijection outside ([0 : 1],[0 : 1])
I

b(w) = x(t1(y) — y) o ¢(w) has an isolated triple pole at ¢—*(P;)
I

b(w) has no telescoper !

I

Q(x,y, t) is differentially transcendental.
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General Case

Generically x(t1(y) — y) has
o6 simple poles {Pl, P2, Ql, QQ,Ow(Ql),Ow(QQ)}
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General Case

Generically x(t1(y) — y) has
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@ and P; # (0,0) is neither in the orbit of P, nor in the orbit of Q;, j =1,2.
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@ and P; # (0,0) is neither in the orbit of P, nor in the orbit of Q;, j =1,2.
Idea of proof :

@ Find wy,ws such that P; = ¢(w1) and Py = ¢(w?)
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General Case

Generically x(t1(y) — y) has

o 6 simple poles {P1, P2, Q1, Q2, 0w (Q1), ow(Q2)}

@ and P; # (0,0) is neither in the orbit of P, nor in the orbit of Q;, j =1,2.
Idea of proof :

@ Find wy,ws such that P; = ¢(w1) and Py = ¢(w?)

o Show that w; # g'ws (Use of t ¢ Q)
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Theorem

For a genus 1 walk W, the following are equivalent
® Q(x,y,t) is diff. alg;
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Theorem

For a genus 1 walk W, the following are equivalent
® Q(x,y,t) is diff. alg;
@ x(t1(y) — y) has a telescoper
o every orbit residue of x(t1(y) — y) is zero;
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Theorem

For a genus 1 walk W, the following are equivalent
® Q(x,y,t) is diff. alg;
@ x(t1(y) — y) has a telescoper
o every orbit residue of x(t1(y) — y) is zero;

The orbit is w.r.t. the action of o}y on the elliptic curve Ey.
° ow(X)=Xa& P for P=¢(ws);

> P can be easily computed
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Theorem

For a genus 1 walk W, the following are equivalent
® Q(x,y,t) is diff. alg;
@ x(t1(y) — y) has a telescoper
o every orbit residue of x(t1(y) — y) is zero;

The orbit is w.r.t. the action of o}y on the elliptic curve Eyy.
° ow(X)=Xa& P for P=¢(ws);

> P can be easily computed
» Finitness of oy can be decided by a computer.
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Theorem

For a genus 1 walk W, the following are equivalent
® Q(x,y,t) is diff. alg;
@ x(t1(y) — y) has a telescoper
o every orbit residue of x(t1(y) — y) is zero;

The orbit is w.r.t. the action of o}y on the elliptic curve Eyy.
o ow(X)=X@P for P = p(ws);
> P can be easily computed
» Finitness of oy can be decided by a computer.

e Xi = o}, (X2) © Xi = Xo @ nP can be decided by computer.
There is a computable function h : {Q(t)-points on Ey} — Q such that

Q = nR = h(Q) = n*h(R)
Can use this to bound possible n such that X; © X5 = nP by

h(X1 © X2) = n*h(P)
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Main result-Genus 1

Via Galois action on the field of definition of Ey, one can show
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Main result-Genus 1

Via Galois action on the field of definition of Ey, one can show

Theorem (D.-H.-R.-S.)

Except 9 exceptional cases, all the generating series for unweighted walks of genus
1 with infinite group are diff. trans.
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Except 9 exceptional cases, all the generating series for unweighted walks of genus
1 with infinite group are diff. trans.

In the 9 exceptional cases, the function x(t1(y) — y) has a telescoper and
Q(x,y,t) is diff.alg. not holomic.
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Except 9 exceptional cases, all the generating series for unweighted walks of genus
1 with infinite group are diff. trans.

In the 9 exceptional cases, the function x(t1(y) — y) has a telescoper and
Q(x,y,t) is diff.alg. not holomic.

Explicit differential equation for Q(x, y,t) : Bousquet-Mélou, Bernardi, Rashel
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Main result-Genus 1

Via Galois action on the field of definition of Ey, one can show

Theorem (D.-H.-R.-S.)

Except 9 exceptional cases, all the generating series for unweighted walks of genus
1 with infinite group are diff. trans.

In the 9 exceptional cases, the function x(t1(y) — y) has a telescoper and
Q(x,y,t) is diff.alg. not holomic.

Explicit differential equation for Q(x, y,t) : Bousquet-Mélou, Bernardi, Rashel
Extension to weighted cases : Dreyfus and Rashel.
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An Example

v \V< Ew C P x P! xoxiyoys — t0Gy +x0xyf + x4y +x8¥5) =0

F(0,y,t) = Kw(0,y,t)Qw(0,y,t) is d%—diff.alg. iff

—x3(4x3 + 8xZx1 + 4x3 + (4 + 1/t)xox
X(Ll(y)—y)_ 0( 1 0 0 ( /) 1)

a X1 (X1 )2

satisfy a telescoper equation.
This cannot happen because x(¢1(y) — y) has a pole isolated in its orbit.
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W= ,\V< Ew C P x P : xoxiyoyr — tOGyE + xoxy? + x2yg + x¢y3) =0

F(0,y,t) = Kw(0,y,t)Qw(0,y,t) is d%—diff.alg. iff

=343 + 4xix1 + 4G + (4 + 1/t)x0x?)
X OF +5)?

x(uly) —y) =

satisfy a telescoper equation.

This cannot happen because x(¢1(y) — y) has a pole isolated in its orbit.
Poles : P = {(0c0, %i), (&i, 00), (£, it + t)} € P! x P
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An Example

W= ,\V< Ew C P x P : xoxiyoyr — tOGyE + xoxy? + x2yg + x¢y3) =0

F(0,y,t) = Kw(0,y,t)Qw(0,y, t) is diy-diff.mg. iff

=343 + 4xix1 + 4G + (4 + 1/t)x0x?)
X OF +5)?

x(uly) —y) =

satisfy a telescoper equation.

This cannot happen because x(¢1(y) — y) has a pole isolated in its orbit.
Poles : P = {(0c0, %i), (&i, 00), (£, it + t)} € P! x P

Fact : The autom. 7 : i+ —i of Q(t)(i)/Q(t) commutes with o\, (Q) = Q @ P.
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W= ,\V< Ew C P x P : xoxiyoyr — tOGyE + xoxy? + x2yg + x¢y3) =0

F(0,y,t) = Kw(0,y,t)Qw(0,y, t) is diy-diff.mg. iff

o =343 + 4xix1 + 4G + (4 + 1/t)x0x?)
X(Ll(y) )/)_ x (X )2
1\Xi

satisfy a telescoper equation.

This cannot happen because x(¢1(y) — y) has a pole isolated in its orbit.
Poles : P = {(0c0, %i), (&i, 00), (£, it + t)} € P! x P

Fact : The autom. 7 : i+ —i of Q(t)(i)/Q(t) commutes with o\ (Q) = Q & P.
Claim : {o}),(00,1) |[n € Z} NP = (00, 1).
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An Example
e ,\v< Eyw C P! x P! xoxiyoy1 — t(x3yf + xox1yf + x2yg + x3y5) = 0

F(0,y,t) = Kw(0,y,t)Qw(0,y, t) is diy-diff.mg. iff

—x3(4x3 4+ 4xZx1 + 4x3 + (44 1/t)xpx
X(Ll(y)—y): 0( 1 0 0 )2( /) 1)

X (X1

satisfy a telescoper equation.
This cannot happen because x(¢1(y) — y) has a pole isolated in its orbit.
Poles : P = {(0c0, %i), (&i, 00), (£, it + t)} € P! x P

Fact : The autom. 7 : i+ —i of Q(t)(i)/Q(t) commutes with o\ (Q) = Q & P.
Claim : {o}),(00,1) |[n € Z} NP = (00, 1).

Proof : If (oo, —i) = o}),(o0, 1), then

(00, 1) = 7(00, —1) = 7(a7y(00, 1)) = oy (7(00, 1)) = ayy(00, —i) = o3 (00, 1)
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v \V< Ew C Pt x P xoxayoyr — t0OGYE + xoxyf + xEyg +x5y5) = 0

F(0,y,t) = Kw(0,y,t)Qw(0,y, t) is diy-diff.mg. iff

—x3(4x3 4+ 4xZx1 + 4x3 + (44 1/t)xpx
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Poles : P = {(0c0, %i), (&i, 00), (£, it + t)} € P! x P

Fact : The autom. 7 : i+ —i of Q(t)(i)/Q(t) commutes with o\ (Q) = Q & P.
Claim : {o}),(00,1) |[n € Z} NP = (00, 1).
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An Example
e ,\v< Eyw C P! x P! xoxiyoy1 — t(x3yf + xox1yf + x2yg + x3y5) = 0

F(0,y,t) = Kw(0,y,t)Qw(0,y, t) is diy-diff.mg. iff

—x3(4x3 4+ 4xZx1 + 4x3 + (44 1/t)xpx
X(Ll(y)—y): 0( 1 0 0 )2( /) 1)

X (X1

satisfy a telescoper equation.
This cannot happen because x(¢1(y) — y) has a pole isolated in its orbit.
Poles : P = {(0c0, %i), (&i, 00), (£, it + t)} € P! x P

Fact : The autom. 7 : i+ —i of Q(t)(i)/Q(t) commutes with o\ (Q) = Q & P.
Claim : {o}),(00,1) |[n € Z} NP = (00, 1).
Proof : If (oo, —i) = o}),(o0, 1), then

(00,1) = app((00, 1))

Then, 0‘2,\’} id. Contradiction!
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Conclusion

@ Functional equation combined with Galois theory gives criteria for differential
transcendence via telescopers
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@ Functional equation combined with Galois theory gives criteria for differential
transcendence via telescopers

o Existence of telescopers via Orbit residues criteria

e Computation of poles and residues are easier on Eyy C P! x P! :
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Conclusion

@ Functional equation combined with Galois theory gives criteria for differential
transcendence via telescopers

o Existence of telescopers via Orbit residues criteria

e Computation of poles and residues are easier on Eyy C P! x P! :
Only algebraic equation over Q(t), no transcendental Weierstrass functions
involved.

@ The criteria for the existence of telescoper could be made effective : it can
produce the telescoping equation and thereby a differential equation for

Q(0,y, ).
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Thank you'!

Charlotte Hard (IMT- Toulouse) en collaboratioMéthodes gal iennes pour I'indépendance différenti
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