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S, ¢ group of all permutations of {1,...,n}.
An element of G5 : (123) = 23145.
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Symmetric Group and Hecke monoid at ¢ = 0

Symmetric Group

S, ¢ group of all permutations of {1,...,n}.
An element of G5 : (123) = 23145.
Can be seen as matrices.

Permutation 5 4 2 3 1 2 3 5 41
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Symmetric Group and Hecke monoid at ¢ = 0

Symmetric Group

S, ¢ group of all permutations of {1,...,n}.
An element of G5 : (123) = 23145.
Can be seen as matrices.

Permutation

Permutation matrix

_H O O oo O
O O OO P+
OO O, ON
OO L OO W
OO0 OO |1
OO O+ ON
OO, OO W
H O O OO W!m
O OO0 O N
OO0 OO .
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Symmetric Group and Hecke monoid at ¢ = 0

Symmetric Group

S
—

S, : group of all permutations of {1,...
An element of G5 : (123) = 23145.
Can be seen as matrices.

Permutation

Permutation matrix

_H O O oo O
O O OO P+
OO O, ON
OO L OO W
O O OO =
OO O+ ON
OO, OO W
H O O OO W!m
O OO0 O N
OO0 OO .

Product of &, : product of matrices
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Symmetric Group and Hecke monoid at ¢ = 0

Generating set

For1<i<n-1,s:=(i,i+1)
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Symmetric Group and Hecke monoid at ¢ = 0

Generating set

For1<i<n-1,s:=(i,i+1)

6,7 == <51, NN Sn_1>
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Symmetric Group and Hecke monoid at ¢ = 0

Generating set

For1<i<n-1,s:=(i,i+1)

6,7 == <51, NN Sn_1>

3726145 - s5 = 3726415
3726415 - s5 = 3726145

Joél Gay The 0-Rook and 0-Renner Monoids



Symmetric Group and Hecke monoid at ¢ = 0

Generating set

1234
For1<i<n-1,s:=(i,i+1)
2134 1324 1243
6,7 == <51, NN Sn_1>
2314 3124 2143 1342 1423
2341 3214 2413 - 3142 4123 1432
3726145 - s5 = 3726415
3726415 - S5 = 3726145 \:52}2431 :}‘4213/ 4132/
3421 4231 4312 s
4321
Permutohedron
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Symmetric Group and Hecke monoid at ¢ = 0

Hecke monoid at ¢ = 0

S

Symmetric Group
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Symmetric Group and Hecke monoid at ¢ = 0

Hecke monoid at ¢ = 0

Symmetric Group Iwahori-Hecke
algebra
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Symmetric Group and Hecke monoid at ¢ = 0

Hecke monoid at ¢ = 0

=1 =0
S, < Hp(q) = HO

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
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Symmetric Group and Hecke monoid at ¢ = 0

Hecke monoid at ¢ = 0

=1 =0
S, < Hp(q) = HO

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
6n=<51,...5n,1> Ti=gsi—(1—q)m; H,(,):<7T1,...7T,,,1)
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Symmetric Group and Hecke monoid at ¢ = 0

Hecke monoid at ¢ = 0

=1 =0
S, < Hp(q) = HO

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
6n=<51,...5n,1> Ti=gsi—(1—q)m; H,(,):<7T1,...7T,,,1)
Action on &, : Action on &, :
3726145 - s5 = 3726415 3726145 - w5 = 3726415
3726415 - s5 = 3726145 3726415 - w5 = 3726415
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Symmetric Group and Hecke monoid at ¢ = 0

Hecke monoid at ¢ = 0

=1 =0
S, < Hp(q) = HO

Symmetric Group Iwahori-Hecke Hecke monoid at
algebra g=20
6n=<51,...5n,1> Ti=gsi—(1—q)m; H,(,):<7T1,...7T,,,1)
Action on &, : Action on &, :
3726145 - s5 = 3726415 3726145 - w5 = 3726415
3726415 - s5 = 3726145 3726415 - w5 = 3726415
Permutation : group Bubble sort : monoid
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Symmetric Group and Hecke monoid at ¢ = 0

Comparison
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Symmetric Group and Hecke monoid at ¢ = 0

Comparison

1234
n 2134 1324 1243
2314 3124 2143 1342 1423
2341 3214 2413 3142 4123 1432
~
~
3241 2431 3412 1213 1132
3421 4231 4312 s1
— .5
4321

>~ —_
3201 0) 2431 ) 3112 ) 421370

3421 L) 4231 ) 431270)

he 0-Rook and

1234

\><4

1321 )

Renner Monoids



Symmetric Group and Hecke monoid at ¢ = 0

Comparison

1234

2314 3124 2143 1342 1423

2341 3214 2413 3142 4123
~

~
3241 2431 3412 1213 1132

3421 4231 4312
4321

s,-2:1

Si+15iSi41 = SiSi415i

5iSj = 5jSi
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2314 312-1
2341 52143\2415 ) 3142 7\‘ 4123 ) 1432
\\ \>< /
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321 0) 2431 0) 3112 ) 421370) 41327 )

3421 L) 4231 ) 431270) .
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T =T

Ti1TTi41 = TTi41T;

T = T



Symmetric Group and Hecke monoid at ¢ = 0

Comparison

1234
n 2134 1324
2314 3124 2143
2341 3214 2413
-
3241 2431 3412
3421 4231
4321
2
Si
Si4+1S5iSi+1
5iSj
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1243
1342 1423
3142 4123 1432
1213 1132
4312 s1
S9
=1
= SiSi+15i

2314 3124

2341 3214 13\2415 ) 314z

AL L K

1243
—~ \
o) 1342 14237

o) 43 )

\ ~
321 0) 2431 0) 3112 ) 421370) 41327 )

3421 L) 4231 ) 431270) -
T2
1321 )
2 _
Ti1TiTj41 = TTi41T;
M = T



Symmetric Group and Hecke monoid at ¢ = 0

Comparison

1234 1234

6 n 2134 1324 1243 I in 231 ) 1324 ) 1283
2314 3124 2143 1342 1423 2314 ) 3124 _ )2143 ) 1342 14237
2341 3214 2413 3142 1123 1432 2301 3A4TAUB D 31427 4123 ) 14327)
= - - 7
. ‘ A K ™ ~ N/
3241 2431 3412 1213 1132 321 0) 2431 0) 3112 ) 421370) 41327 )
3421 4231 1312 5 3421 L) 4231 ) 431270) -
DU )
4321 4321 =)
2
si=1 2 _ o
i T, = T
Sj+15iSi+1 = SiSi+15i Tl i1 = TTj417T;
S5iSj = SjSi T =TT

Same reduced words (Matsumoto)
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Symmetric Group and Hecke monoid at ¢ = 0

1234
n 2134 1324 1243
2314 3124 2143 1342 1423
2341 3214 2113 3142 4123 1432
~
3241 2431 3412 1213 1132
3421 4231 1312 .
S9
1321
2
S = 1

Si+15iSi41 = SiSi415i
5iSj = 5jSi

1234

o
H o8 Jome

2314 ) 3124 _ )2143 ) 1342 14237

-/ X

2341 3214 13\2415 3142

N SVAN

321 0) 2431 0) 3112 ) 421370) 41327 )
b 21— 41 -
3421 L) 4231 ) 431270)

1321 )

7T,-2 = T
Ti1TTi41 = TTi41T;

T = T

Same reduced words (Matsumoto)
An element of HO is characterized by its action on the identity
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Rook monoid and 0-rook monoid

Rook monoid

Monoid inside M,(Z).
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Rook monoid and 0-rook monoid

Rook monoid

Monoid inside M,(Z).

0 0 ... 0

Let mp := L
0
0 0 1
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Rook monoid and 0-rook monoid

Rook monoid

Monoid inside M,(Z).

0O 0 ... 0
Let mp := L

; .0

0O ... 0 1

Rook monoid
R,, = <7T0, S1,... ,S,,,1>
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Rook monoid and 0-rook monoid

Rook monoid

Monoid inside M,(Z).

0O 0 ... 0
Let mp := L

; .0

0O ... 0 1

Rook monoid
R,, = <7T0, S1,... ,5,,,1>

Question:

which matrices are in this monoid?
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Rook monoid and 0-rook monoid

Notation

Hypothesis:
Rooks are permutations where some letters are replaced by 0.
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Rook monoid and 0-rook monoid

Notation

Hypothesis:
Rooks are permutations where some letters are replaced by 0.

Keep the vector notation
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Rook monoid and 0-rook monoid
Notation

Hypothesis:
Rooks are permutations where some letters are replaced by 0.

Keep the vector notation

0 0001 0 00 01
00100 0 00 O0O
Rook matrix 0 00 10 01 00O
01 000 0 0010
00000 0 0000
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Rook monoid and 0-rook monoid
Notation

Hypothesis:
Rooks are permutations where some letters are replaced by 0.

Keep the vector notation

0 0001 0 00 01
00100 0 00 O0O
Rook matrix 0 00 10 01 00O
01 000 0 0010
00000 0 0000
Rook vector 0 4 2 31 0 3 041
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Rook monoid and 0-rook monoid
Notation

Hypothesis:
Rooks are permutations where some letters are replaced by 0.

Keep the vector notation

0 00 01 0 00 01
0 0100 0 0&00
Rook matrix 0 0010 0 1 00O
0 1 000 0 0010
0 00O 0 00O
Rook vector 0 4 2 3 1 0 3 0, 4 1
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Rook monoid and 0-rook monoid

Right action on itself

Operators mg, s1, - - . Sp—1 acting on rook vectors
Action : matrix multiplication
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Rook monoid and 0-rook monoid

Right action on itself

Operators mg, s1, - - . Sp—1 acting on rook vectors
Action : matrix multiplication

Elementary transpositions sy, ...,S,-1 :
(rooorm) Si=n...ri—ifigififiq2...rn
Deletion operator g :

(rn...r)-mo= 0r...r,.
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Rook monoid and 0-rook monoid

Right action on itself

Operators mg, s1, - - . Sp—1 acting on rook vectors
Action : matrix multiplication

Elementary transpositions sy, ...,S,-1 :
(rooorm) Si=n...ri—ifigififiq2...rn
Deletion operator g :

(rn...r)-mo= 0r...r,.

= Hypothesis stabilized by the generators
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Rook monoid and 0-rook monoid

Right action on itself

Operators mg, s1, - - . Sp—1 acting on rook vectors
Action : matrix multiplication

Elementary transpositions sy, ...,S,-1 :
(rooorm) Si=n...ri—ifigififiq2...rn
Deletion operator g :

(rn...r)-mo= 0r...r,.

= Hypothesis stabilized by the generators

Question:

Are any permutations with some letters replaced by 0 in R,?
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Rook monoid and 0-rook monoid

Action and algorithm

Example : using coset Rs/R4

30145
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Rook monoid and 0-rook monoid

Action and algorithm

Example : using coset Rs/R4

30145

I s
30154
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Rook monoid and 0-rook monoid

Action and algorithm

Example : using coset Rs/R4

30145

I s
30154

Iss
30514
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Rook monoid and 0-rook monoid

Action and algorithm

Example : using coset Rs/R4
30145

I s
30154

Iss
30514

Is
35014
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Rook monoid and 0-rook monoid

Action and algorithm

Example : using coset Rs/R4
30145

I s
30154

Iss
30514

Is
35014

Ts1
53014

Joél Gay The 0-Rook and 0-Renner Monoids



Rook monoid and 0-rook monoid

Action and algorithm

Example : using coset Rs/R4

30145

I s
30154

Iss
30514

Is
35014
Ts1
53014

1 mo
03014
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Rook monoid and 0-rook monoid

Action and algorithm

Example : using coset Rs/R4

30145

I s
30154

Iss
30514

I
35014
Ts1
53014
4 o
03014
Is
30014 O s
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240

Index the zeros by the missing letters in decreasing order : 305240

12345 15
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240

Index the zeros by the missing letters in decreasing order : 305240

12345 15
012345 - To
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240

Index the zeros by the missing letters in decreasing order : 305240

12345 15
012345 )
201345 © 51

Joél Gay The 0-Rook and 0-Renner Monoids



Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240

Index the zeros by the missing letters in decreasing order : 305240

12345 15
012345 - o
201345 © 51
320145 551
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240

Index the zeros by the missing letters in decreasing order : 305240

12345 15
012345 - o
201345 © 51
320145 551
324015 + 53
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240

Index the zeros by the missing letters in decreasing order : 305240

12345 15
012345 - o
201345 © 51
320145 551
324015 + 53

3052401 + 545352510 S1
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Rook monoid and 0-rook monoid

Action and algorithm

Take a permutation with some letters replaced by 0

Example : 30240

Index the zeros by the missing letters in decreasing order : 305240

12345 15
012345 - o
201345 © 51
320145 551
324015 + 53

3052401 + 545352510 S1

Conclusion : 15 - [mo - 51 - 5p51 - 3+ s4S535251m0S1] = 30240.
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Rook monoid and 0-rook monoid

Enumeration

Conclusion:
Rooks are permutations where some letters are replaced by 0.
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Rook monoid and 0-rook monoid

Enumeration

Conclusion:
Rooks are permutations where some letters are replaced by 0.
That explains "rook™ :

Rook matrix

O OO0 o oo
O R OO O
N O OO +—=O
w o o+ oOOo
= O OO o
O O oo oo
W oo+~ OO
o O O O oo
A O H O OO
= O O OO

Rook vector

Joél Gay The 0-Rook and 0-Renner Monoids



Rook monoid and 0-rook monoid

Enumeration

Conclusion:
Rooks are permutations where some letters are replaced by 0.
That explains "rook™ :

Rook matrix

S ooooo
O M O OO
N OO O m ©
w O O M O O
= O O O O s
SO ooooo
W o o M O o
O OO O oo
» O M O OO
= O O O O s

Rook vector
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Rook monoid and 0-rook monoid
Enumeration

Conclusion:
Rooks are permutations where some letters are replaced by 0.
That explains "rook™ :

Rook matrix

S ooooo
O M O OO
N OO O m ©
w O O M O O
= O O O O s
SO ooooo
W o o M O o
O OO O oo
» O M O OO
= O O O O s

Rook vector

ml=> (1) (1) tn- w0

k=0
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Rook monoid and 0-rook monoid
Enumeration

Conclusion:
Rooks are permutations where some letters are replaced by 0.
That explains "rook™ :

Rook matrix

S ooooo
O M O OO
N OO O m ©
w O O M O O
= O O O O s
SO ooooo
W o o M O o
O OO O oo
» O M O OO
= O O O O s

Rook vector

A Zki:O (Z) : (Z) (n— k) = kio <Z>2-k!
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Rook monoid and 0-rook monoid

Our work
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Rook monoid and 0-rook monoid
Our work

lwahori
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Our work

lwahori
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Our work

lwahori

Joél Gay The 0-Rook and 0-Renner Monoids



Our work

il i
Ry &= T,(q)

lwahori , Solomon.




Our work

" y y

Ry &% T,(q) =5 77

lwahori , Solomon.




Our work

Ry &8 T,(q) 3 RO

lwahori , Solomon.




Rook monoid and 0-rook monoid

Definition of R?

Operators mg, 71, . .. Tp—1 acting on rook vectors
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Rook monoid and 0-rook monoid

Definition of R?

Operators mg, 71, . .. Tp—1 acting on rook vectors

Bubble sort operators w1, ..., 71 :

M. hi—1big1tifis2 ... Iy if rj < rig1,
(r1...r,,)-7r,-:

n...rn otherwise,
Deletion operator g :
(rn...r)-m= 0r...r,
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Rook monoid and 0-rook monoid

Definition of R?

Operators mg, 71, . .. Tp—1 acting on rook vectors

Bubble sort operators w1, ..., 71 :

M. hi—1big1tifis2 ... Iy if rj < rig1,
(r1...r,,)-7r,-:

n...rn otherwise,
Deletion operator g :
(rn...r)-m= 0r...r,

45321 - m; = 54321
40321 - m; = 40321
00321 - m» = 03021
30254 - mp = 00254
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Rook monoid and 0-rook monoid

Definition of R?

Operators mg, 71, . .. Tp—1 acting on rook vectors

Bubble sort operators w1, ..., 71 :

M. hi—1big1tifis2 ... Iy if rj < rig1,
(r1...r,,)-7r,-:

n...rn otherwise,
Deletion operator g :
(rn...r)-m= 0r...r,

45321 - m; = 54321
40321 - m; = 40321
00321 - m» = 03021
30254 - mp = 00254

Rg = <7r0,71'1,... ,7Tn_1>
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Rook monoid and 0-rook monoid

Definition of R?

Operators mg, 71, . .. Tp—1 acting on rook vectors

Bubble sort operators w1, ..., 71 :

M. hi—1big1tifis2 ... Iy if rj < rig1,
(r1...r,,)-7r,-:

n...rn otherwise,
Deletion operator g :
(rn...r)-m= 0r...r,

45321 - m; = 54321
40321 - m; = 40321
00321 - m» = 03021
30254 - mp = 00254

Rg = <7r0,71'1,... ,7Tn_1>

"
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Rook monoid and 0-rook monoid

Algorithm

Still works!!

Example : 30240

12345 15
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Rook monoid and 0-rook monoid

Algorithm

Still works!!

Example : 30240
12345 15
012345 - o
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Rook monoid and 0-rook monoid

Algorithm

Still works!!

Example : 30240
12345 15
012345 - o
201345 T
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Rook monoid and 0-rook monoid

Algorithm
Still works!!
Example : 30240
12345 15
012345 - o
201345 -1
320145 - M7
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Rook monoid and 0-rook monoid

Algorithm

Still works!!

Example : 30240
12345 15
012345 - 7o
201345 -1
320145 - M7
324015 " T3
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Rook monoid and 0-rook monoid

Algorithm
Still works!!
Example : 30240
12345 1s
012345 )
201345 T
320145 * M7
324045 - T3
3052407 - wam3MOWI T
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Rook monoid and 0-rook monoid

Algorithm
Still works!!
Example : 30240
12345 15
012345 © 70
201345 ©T1
320,45 T 2T
324015 “ T3
3052407 - wam3MOWI T
Conclusion : 1s - [mg - 1 - momy - W3 - Mamamamimem1] = 30240.
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Rook monoid and 0-rook monoid

Algorithm
Still works!!
Example : 30240
12345 15
012345 - o
201345 ©T1
320,45 T 2T
324015 “ T3
3052407 - wam3MOWI T
Conclusion : 1s - [mg - 1 - momy - W3 - Mamamamimem1] = 30240.

RO

n

Rn
1

, is surjective

—
—
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Rook monoid and 0-rook monoid

Presentation

" s bijective

N 3O

Il

Joél Gay The 0-Rook and 0-Renner Monoids



Rook monoid and 0-rook monoid

Presentation

N 3O

Rn
1

is bijective
- r

—
—

Corollary: presentation:
7 =
TiTj 41T = Ti41TiTj41
T = TjT;

T1TOT17T0 — 77170 — 7717071
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Rook monoid and 0-rook monoid

Presentation

Rn
1

is bijective
- r

—
—

Corollary: presentation:

2

T, =T

TTi4+1T) = Ti41TTj+1
T = T}

T1TOT17T0 — 77170 — 7717071
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Rook monoid and 0-rook monoid

Sorting rooks according to their first zero

R(n, k) :={re R, | FZ(r) = k}
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Rook monoid and 0-rook monoid

Sorting rooks according to their first zero

R(n, k) :={re R, | FZ(r) = k}
Example:

R(2,0) = {00,01,02}, R(2,1)={10,20}, R(2,2)={12,21}
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Rook monoid and 0-rook monoid

Sorting rooks according to their first zero

R(n, k) :={re R, | FZ(r) = k}
Example:

R(2,0) = {00,01,02}, R(2,1)={10,20}, R(2,2)={12,21}

n/k 0 1 2 3 4 5 6 7
0 1
1 1 1
2 3 2 2
3 13 9 6 6
4 73 52 36 24 24
5/ 501 365 260 180 120 120
6| 4051 3006 2190 1560 1080 720 720
7 | 37633 28357 21042 15330 10920 7560 5040 5040
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Renner monoid, type B

Contents

© Renner monoid, type B
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Renner monoid, type B
Renner monoid of type A

Weyl Group of type A (Coxeter)
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Renner monoid of type A

Sp,= W(A) +— H° = HIA)

Weyl Group of type A (Coxeter)
Hecke monoid at g = 0 of type A (Hivert, Thiéry)
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Renner monoid of type A

Sp,= W(A) +— H° = HIA)
L
R,= 6,

Weyl Group of type A (Coxeter)
Hecke monoid at g = 0 of type A (Hivert, Thiéry)
Renner monoid of type A (Renner)

Joél Gay The 0-Rook and 0-Renner Monoids



Renner monoid of type A

Sp,= W(A) +— H° = HIA)
L )

R, =&, +— RY

Weyl Group of type A (Coxeter)
Hecke monoid at g = 0 of type A (Hivert, Thiéry)
Renner monoid of type A (Renner)
0-Renner monoid of type A (G., Hivert)
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Renner monoid of type B 77

W(B)  «— Hy(B)

Weyl Group of type B (Coxeter)
Hecke monoid at g = 0 of type B (Hivert, Thiéry)

Renner monoid of type B (Renner)
77
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Renner monoid, type B
Weyl group of type B

W(B) = &1 Z/2Z
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Renner monoid, type B

Weyl group of type B

W(B) = &1 Z/2Z

Signed permutations
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Renner monoid, type B
Weyl group of type B

W(B) = &,1Z/2Z
Signed permutations
Example for ¢ = 6: 324615
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Renner monoid, type B
Weyl group of type B

W(B) = 6,1 Z/2Z
Signed permutations
Example for ¢ = 6: 324615
Mirror notation: 516423 | 324615
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Renner monoid, type B
Weyl group of type B

W(B) = 6,1 Z/2Z
Signed permutations
Example for ¢ = 6: 324615
Mirror notation: 516423 | 324615 = W(B) C Gy
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Renner monoid, type B
Weyl group of type B

W(B) = 6,1 Z/2Z
Signed permutations
Example for ¢ = 6: 324615
Mirror notation: 516423 | 324615 = W(B) C Gy

Let So:=spand for 1 <i</?¢—1,S5;:=sp_j+150+i—1
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Renner monoid, type B
Weyl group of type B

W(B) = 6,1 Z/2Z
Signed permutations
Example for ¢ = 6: 324615
Mirror notation: 516423 | 324615 = W(B) C Gy

Let So:=spand for 1 <i</?¢—1,S5;:=sp_j+150+i—1

W(B) = (So, S1, ..., Sr1)
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Renner monoid, type B

Renner of type B

Monoid inside Mo(Z).
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Renner monoid, type B

Renner of type B

Monoid inside Mo(Z).

For0 < i<V,
o 0 ... ... ... 0
0
.00 : . .
Ei = (first £ + i columns are zero)
. . 1 . .
.0
0 0 1
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Renner monoid, type B

Renner of type B

Monoid inside Mo(Z).

For0 < i<V,
o 0 ... ... ... 0
0
.00 : . .
Ei:=|" | (first £+ i columns are zero)

: .0
o ... ... ... 0 1

Vi7 Ei € <E07507517 .. '7Sn—1>
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Renner monoid, type B
Renner of type B

Monoid inside Mo(Z).

For0 < i<V,
o 0 ... ... ... 0
0
.00 : . .
Ei = (first £ + i columns are zero)
. . 1 . .
: . .0
o ... ... ... 0 1

Vi7 Ei € <E07507517 .. '7Sn—1>

Renner monoid of type B

RH(B) = <E0a 507 Sla R 5n71>
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Renner monoid, type B

Renner of type B

Monoid inside Mo(Z).

For0 < i<V,
o 0 ... ... ... 0
0
.00 : . .
Ei = (first £ + i columns are zero)
. . 1 . .
: .0
o ... ... ... 0 1

Vi7 Ei € <E07507517 .. '7Sn—1>

Renner monoid of type B
RH(B) = <E0a 507 Sla sy 5n71>

Question: what are the B-rooks?
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Renner monoid, type B

Actions

Action of Sp:

rere_l . r7i+1r7. .. rjri nrp...riry1... -1k

rzrm. .. rmrj. RN YR I EY C I A1 R (Y
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Renner monoid, type B

Actions

Action of S;:

rere_l . r7i+1r7. .. I’EI‘T nrp...riry1 ... -1k

rzrm. .. rmrj. NSRRI EY 6T 61 ¢ RN (Y )
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Renner monoid, type B

Actions

Action of S;:

refe—1--- I’mrf. RN Y S AN S SR R (Y

rzl’ﬁ. .. r;rm. N Y S AN RS N I g Y g
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Renner monoid, type B

Actions

Action of E := Ep:

le’j. .. I’mf;. RN Y S SN 1 ¢ R g Y g

O v 0 ‘ nrp...riry1 . -1k
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Renner monoid, type B

Actions: example in type Bs

lio:

54321| 12345
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Renner monoid, type B

Actions: example in type Bs

110-501
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Renner monoid, type B

Actions: example in type Bs

110 . 5053 .

Joél Gay The 0-Rook and 0-Renner Monoids



Renner monoid, type B

Actions: example in type Bs

110 5053E :
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Renner monoid, type B
Actions: example in type Bs

110 . 5053E50 .
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Renner monoid, type B

B condition

r € Ryy obeys the B condition iff. it is both:

o (Centrally antisymmetric) r; and r; its mirror image. Then

{’77 rf} S {{070}7 {0? k}? {k? _k}}

o (Break all pairs) Either no zero, either Vi, i or —i is missing.

v
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Renner monoid, type B

B condition

r € Ryy obeys the B condition iff. it is both:

o (Centrally antisymmetric) r; and r; its mirror image. Then

{’77 rf} S {{070}7 {0? k}? {k? _k}}

o (Break all pairs) Either no zero, either Vi, i or —i is missing.

v

Examples: 132231 301|000 300 | 210
False: 123|123 213|010 301 030.
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Renner monoid, type B

B condition

r € Ryy obeys the B condition iff. it is both:

o (Centrally antisymmetric) r; and r; its mirror image. Then

{’77 rf} S {{070}7 {0? k}? {k? _k}}

o (Break all pairs) Either no zero, either Vi, i or —i is missing.

Examples: 132 | 231 301 | 000 300 | 210
False: 123|123 2131010 301 | 030.
Goal:

r € R,(B) iff. r obeys the B condition
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Renner monoid, type B

Algorithm

Let r obeying condition B.
Algorithm to get s € Rp(B) | 1o0-s =r.
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Renner monoid, type B

Algorithm

Let r obeying condition B.
Algorithm to get s € Rp(B) | 1o0-s =r.

@ Place the letters to delete in first positions
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Renner monoid, type B

Algorithm

Let r obeying condition B.
Algorithm to get s € Rp(B) | 1o0-s =r.

@ Place the letters to delete in first positions
@ Delete the letters with E;
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Renner monoid, type B

Algorithm

Let r obeying condition B.
Algorithm to get s € Rp(B) | 1o0-s =r.

@ Place the letters to delete in first positions
@ Delete the letters with E;
© Place the letters in the good order
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Renner monoid, type B

Explicit Algorithm

r = 53001 | 02000
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Renner monoid, type B

Explicit Algorithm

r = 53001 | 02000

51237 | 43215
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Renner monoid, type B

Explicit Algorithm

r = 53001 | 02000
Step 1. 54321 | 12345 - (5,5,53) = 51432 | 23415

51237 | 43215
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Renner monoid, type B

Explicit Algorithm

r = 53001 | 02000
Step 1: 54321 | 12345 - (5,5,53) = 51432 | 23415
51432 | 23415 - (50515,) = 51243 | 34215
51237 | 43215
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Renner monoid, type B

Explicit Algorithm

r = 53001 | 02000
Step 1: 5432112345 (5:5,53) = 5143223415
51432 | 23415 - (5051S,) = 51243 | 34215
51243 | 34215 - (S0S1) = 5123443215
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Renner monoid, type B
Explicit Algorithm

r = 53001 | 02000
Step 1: 54321 | 12345 (5,5,53) = 51432 | 23415
51432 | 23415 - (5,5:5,) = 5124334215
51243 | 34215 - (SoS,) = 51234 | 43215
Step 2: 51234 | 43215 - E; = 00000 | 03215

Joél Gay The 0-Rook and 0-Renner Monoids



Renner monoid, type B
Explicit Algorithm

r = 53001 | 02000
Step 1: 5432112345 (5:5,53) = 5143223415
51432 | 23415 - (5051S,) = 51243 | 34215
51243 | 34215 - (S0S1) = 5123443215
Step 2: 51234 | 43215 - £; = 00000 | 03215

Step 3:
00000 | 03215 - (54535,5150515,53S,) = 50000 | 03210
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Renner monoid, type B
Explicit Algorithm

r = 53001 | 02000
Step 1: 5432112345 (5:5,53) = 5143223415
51432 | 23415 - (5051S,) = 51243 | 34215
51243 | 34215 - (S0S1) = 5123443215
Step 2: 51234 | 43215 - £; = 00000 | 03215

Step 3:
00000 | 03215 - (54535,5150515,53S,) = 50000 | 03210

50000 | 03210 - (5150515,53) = 53000 | 02100
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Renner monoid, type B
Explicit Algorithm

r = 53001 | 02000
Step 1: 5432112345 (5:5,53) = 5143223415
51432 | 23415 - (5051S,) = 51243 | 34215
51243 | 34215 - (S0S1) = 5123443215
Step 2: 51234 | 43215 - £; = 00000 | 03215

Step 3:
00000 | 03215 - (54535,5150515,53S,) = 50000 | 03210

50000 | 03210 - (5150515,53) = 53000 | 02100
53000 | 02100 - $;S, = 53000 | 21000
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Renner monoid, type B
Explicit Algorithm

r = 53001 | 02000
Step 1: 5432112345 (5:5,53) = 5143223415
51432 | 23415 - (5051S,) = 51243 | 34215
51243 | 34215 - (S0S1) = 5123443215
Step 2: 51234 | 43215 - £; = 00000 | 03215

Step 3:
00000 | 03215 - (54535,5150515,53S,) = 50000 | 03210

50000 | 03210 - (5150515:53) 53000 | 02100
53000 | 02100 - S; S, 53000 | 21000
53000 | 21000 - S; = 53000 | 12000
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Renner monoid, type B
Explicit Algorithm

r = 53001 | 02000
Step 1: 5432112345 (5:5,53) = 5143223415
51432 | 23415 - (5051S,) = 51243 | 34215
51243 | 34215 - (S0S1) = 5123443215
Step 2: 51234 | 43215 - £; = 00000 | 03215

Step 3:
00000 | 03215 - (54535,5150515,53S,) = 50000 | 03210

50000 | 03210 - (5150515:53) 53000 | 02100

53000 | 02100 - S; S, 53000 | 21000

53000 | 21000 - S; 53000 | 12000
53000 | 12000 - S; = 53001 | 02000 = r
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Renner monoid, type B
Explicit Algorithm

r = 53001 | 02000
Step 1: 5432112345 (5:5,53) = 5143223415
51432 | 23415 - (5051S,) = 51243 | 34215
51243 | 34215 - (S0S1) = 5123443215
Step 2: 51234 | 43215 - £; = 00000 | 03215

Step 3:
00000 | 03215 - (54535,5150515,53S,) = 50000 | 03210

50000 | 03210 - (5150515,53) = 53000 | 02100
53000 | 02100 - 515, = 53000 | 21000
53000 | 21000-S; = 53000 | 12000
53000 | 12000 - Sy = 53001 | 02000 = r
r=110-[(515253)(505152)(5051)] - E1 -
(545555515051 525354)(51.5051.5253)(51.52)(S51)(So)]
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Renner monoid, type B

Bilan and enumeration

r € Ry(B) iff. r obeys the B condition
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Renner monoid, type B

Bilan and enumeration

r € Ry(B) iff. r obeys the B condition

|R,(B)| = 201 + é <i> <i) 2=kt k(g — k)
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Renner monoid, type B
Bilan and enumeration

r € Ry(B) iff. r obeys the B condition

|R,(B)| = 201 + é <i> <i) 2=kt k(g — k)

l 52
i ke
2£.+;<k) 4k k1
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Renner monoid, type B

0-Renner of type B

RP(B) C Ry,
Operators E, Iy, My, ...My_1 acting on B-rook vectors
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Renner monoid, type B

0-Renner of type B

RP(B) C Ry,
Operators E, Iy, My, ...My_1 acting on B-rook vectors

Change of sign operator g := 7y
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Renner monoid, type B

0-Renner of type B

RP(B) C Ry,
Operators E, Iy, My, ...My_1 acting on B-rook vectors

Change of sign operator g := 7y
Bubble sort operators Ny, ..., Mp_1: M; :=mp_j1mpri1
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Renner monoid, type B

0-Renner of type B

RP(B) C Ry,
Operators E, Iy, My, ...My_1 acting on B-rook vectors

Change of sign operator g := 7y

Bubble sort operators Ny, ..., Mp_1: M; :=mp_j1mpri1
Deletion operator E:

(rg...re)-E=0...0n...1.
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Renner monoid, type B

0-Renner of type B

RP(B) C R3,

Operators E, Iy, My, ...My_1 acting on B-rook vectors
Change of sign operator g := 7y

Bubble sort operators Ny, ..., Mp_1: M; :=mp_j1mpri1
Deletion operator E:

(rg...re)-E=0...0n...1.

R?(B) = <E7 I_I07 I_Ila cee nf71>
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Renner monoid, type B

Bijection
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Renner monoid, type B

Bijection

Algorithm still works
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Renner monoid, type B

Bijection

R,?(B) — Ry(B)
— 1

r - r

Algorithm still works: surjective
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Renner monoid, type B

Bijection

R,?(B) — Ry(B)
— 1

r - r

Algorithm still works: surjective
Injectivity
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Renner monoid, type B

Bijection

<

Algorithm still works: surjective
Injectivity

is bijective
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Renner monoid, type B

Presentation

The algorithm gives us for all r € R(B):

r=nEgmN

Joél Gay The 0-Rook and 0-Renner Monoids



Renner monoid, type B

Presentation

The algorithm gives us for all r € R(B):
r=nEgnmn

M and M’ are reduced elements of H2(B)
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Renner monoid, type B

Presentation

The algorithm gives us for all r € R(B):
r=nEgnmn

M and M’ are reduced elements of H2(B)
I has an increasing form: it is a grassmanian element
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Renner monoid, type B

Presentation

The algorithm gives us for all r € R(B):
r=nEgnmn

M and M’ are reduced elements of H2(B)
I has an increasing form: it is a grassmanian element
This decomposition is unique

Joél Gay The 0-Rook and 0-Renner Monoids



Renner monoid, type B

Presentation

The algorithm gives us for all r € R(B):
r=nEgnmn

M and M’ are reduced elements of H2(B)

I has an increasing form: it is a grassmanian element
This decomposition is unique

We get a presentation

Joél Gay The 0-Rook and 0-Renner Monoids



Renner monoid, type B
Presentation

Pi="01...M;MNy ..My .. 5. T M0

(1) nz = n; 0<i<(-1,

(2) nn, = Mnn, 0<i,j<f—1and]|i—j|>2
(3) MM N; = MMM, 1<i<l—-2;

(4) NiMNeMiM = MoMyMolMy,

(5) EN: = ME=E, 0<i<j<¢

(6) EM; = ME, 0<j<i<l-1;

(7) Eij = EjEi = Emax(i,j)a 0< i?j <Y,

(8) E,-I'I,-E,- = Ei+17 0 S i S f— ]_;

(9)  EPE = Ei, 0<i<l—1.
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Renner monoid, type B

Results

In type A, B, D:
@ Description of elements of R,(T)
e Definition of RO(T)
@ Isomorphism with R,(T)
@ Canonical reduced words, presentation
e J-triviality
o Simple and indecomposable modules, projectivity over HO(T),
quiver
Only in type A
@ Explicit order on elements of R,, and R,?, lattice, permutohedre

@ Induction and restriction of modules
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Bonus

Joél Gay



Bonus

Small changes in type D

Action of S7:

Joél Gay The 0-Rook and 0-Renner Monoids

. r—i_Hr;..

rl+—1r7

.. I’EI’T

.. I’Ifi

nrp...riry1... -1ty

rpry...rifiq1 ... rg—1ry



Bonus

Small changes in type D

Action of Sf:

I’Zrm. .. rl-_Tlr7. RN LY ST RSN I 1 ¢ R gy g
rzl’m. .. I’mff. RN SR N LY SRR (1 SRS R A N
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Bonus

Small changes in type D

Action of E:

fzfm. .. I’mf;. RN GYS T SN 41 RN g/ Y

0 . e, 00 | rnro...rifiy1...re—1re

Joél Gay The 0-Rook and 0-Renner Monoids



Bonus

Small changes in type D

Action of F:

I’z 1 I’mrf. .. rzq nrp...riry1... -1ty

0 o Org |Ora .. .rifiyn ... re—1re
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Bonus

D condition

Rn(D) = <5f75])_c3525"‘7sf—13E7 F)
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Bonus

D condition

Rn(D) = <5f75])_c3525"‘7sf—13E7 F)

Definition
r € Ry obeys the D condition iff. it is both:
@ (B rook) obeys the B condition

o (Parity) if it has no 0, even number of positive elements in
first half. If £ zeros, same in its antisymmetric reconstruction.
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Bonus

D condition

Rn(D) = <5f75])_c3525"‘7sf—13E7 F)

Definition
r € Ry obeys the D condition iff. it is both:
@ (B rook) obeys the B condition

o (Parity) if it has no 0, even number of positive elements in
first half. If £ zeros, same in its antisymmetric reconstruction.

Examples: 132 | 231 100 | 200 100 | 230
False: 132 | 231 100 | 230
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Bonus

Enumeration

r € Ro(D) iff. r obeys the D condition
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Bonus

Enumeration

r € Ro(D) iff. r obeys the D condition

201 014! L0\
|
|Rn(D)| = > T +§ 4 <k) k!
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Bonus

Enumeration

r € Ro(D) iff. r obeys the D condition

21 gt L 0\?
= — —_— |
|Rn(D)] > T +§ 4 <k) k!
k=0
/-1 14 : k ¢ ?
0211 -2 )+k§_04 <k> k
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Bonus

Enumeration

r € Ro(D) iff. r obeys the D condition

21 gt L 0\?
= — —_— |
|Rn(D)] > T +§ 4 <k) k!
k=0
/-1 14 : k ¢ ?
0211 -2 )+k§_04 <k> k!

We can also define R9(D), same properties.
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