


Poisson point process

‘P, said Poisson point process in R” with intensity A if
» #(P,N By) Poisson r.v. of mean Avol®")(B;)

» #(PyNBy), - ,#(PrN By) independent (s, 8, € 5&", BB =0.i4))

Two properties

L . D
» Scaling invariance: - Py =P
Un

> Mecke's formula: E( Z f(x,PA)> = /\/IE(f(X, PaU{x}))dx

XEP



Poisson-Voronoi tessellation

» P, homogeneous Poisson point process in R” of intensity A

» For every nucleus x € P, associated cell

ClPx)={y €R: |y = x| < [ly = X[ vx" € Pr}



Typical Poisson-Voronoi cell

» Typical cell C chosen uniformly among all cells

E(f(C)) = lim L > f(C(x,Py)) as.

roee N, XEPy
. {C(X’PA)CB,(O)
E(f(C)) = W > F(C(x,Py) = X)), BeBE®

x€EP\NB

» Theorem (Slivnyak) C 2 C(o,PrU{o})




Being in the typical cell

» K convex body containing o in its interior
» Flower of K Fo(K) = Uxek B(x, ||x||)

Two properties
» Capacity probability: P(K C C(o,PyxU{0o})) = e*)\V°|(Rn)(fo(K))

» Conditional distribution: b
(Pr|K C C(o,PrU{o0})) =Px\ Fo(K)



Two mean calculations in R?

Mean area

E(vol®3)(C)) = /

oo
P(x € C(o,Py\U{o})dx = 27T/ e M rdr = 1
R2 0 A

Mean number of vertices
N(-): number of vertices, B(x,y,z) := circumscribed disk of the triangle xyz

E(N(C)) = IE Z l{B(O,Xl,Xg)ﬁP)\:@}

{x1,x2}CPx

= )\2 /]P)(B(O,X:[,XQ) NPy = @)dxldxz

22 e ol ®) (Blo1%2)) g xy dx,

Az/e*)"” 3dr// sin(el)sm(‘%)\sin(uﬂdﬁldég
027T[2 2 2 2



Plan

The planar Poisson-Voronoi cell around an isolated nucleus

Poisson-Voronoi cell in a Riemannian manifold

Joint works with Aurélie Chapron, Yann Demichel (Paris Nanterre) &
Nathanaél Enriquez (Paris-Sud)
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The planar Poisson-Voronoi cell around an isolated nucleus

» K convex body in R?

» An origin o chosen in int(K)

» Point process P} := (PA|K C C(o, Py U{0o}))

» Aim Asymptotics of the characteristics of the cell

Ky = C(o, P} U {o})
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Context: large Poisson-Voronoi cells

» Large cells in a Poisson-Voronoi tessellation: close to the
circular shape

D. Hug, M. Reitzner & R. Schneider (2004)

» When K is the unit-disk,

E(A(K))) — A(K)  ~ A7%2713’%ﬂr(%>,E(/\/(K)\)) A:mﬁzzygr(%)

A—o00
PC & T. Schreiber (2005)
» Estimate of the Hausdorff distance between Ky and K for a

Poisson line tessellation

D. Hug & R. Schneider (2014), R. Schneider (1988)



Context: approximation of a convex body from the inside
KA = Conv(Py N K)

Efron’s relation (1965) E(N(K™)) = A(A(K) — E(A(K?)))

K with a smooth boundary K polygon
A(K) — E(A(KY) | ~ x%zéaf%r(g)/ v 3ds A(K) ~E(A(KY)  ~ (A tlogA) 237 nk
—00 Jok —00

A. Rényi & R. Sulanke (1963, 1964)



Main results: smooth case

A(-): area, U(-): perimeter, N'(-): number of vertices
rs: radius of curvature, ns: outer unit normal vector at s € 0K
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Main results: polygonal case

A(-): area, U(-): perimeter, N'(-): number of vertices

nk: number of vertices of K, {a;}: vertices of K, o;: projection of o onto (a;, aj+1)

s
_1 8]
E(A(K))) — AK) ~ A"227272 Y Jlojl| 2 |laigs — il

A—00 —
EU(K))) —U(K) o (A tlog\) - 2£13_1 S0 Jloil| 7t
E(N(K))) ~ (logA)-2-371nk.

A—00



Sketch of proof: support function

Support function

pO(K7 0) = pO(K) u9) = SU2<X, u@)
xe

with ug = (cos(8), sin(0))

Two properties
» Link with the flower: sup{r > 0: rup € Fo(K)} = 2po(K,0)
» Cauchy-Crofton formula: U(K) = 02” po(K,6)do



Sketch of proof: rewriting of the expectations

» Mean defect area

BA(K) — A(K) = [ B(x e Ki)dx
R2\K
:/ o MAFo(KU{x}))—A(Fo(K))) 4
R2\K
where A(F,(K _2f po(K,0)*d0

» Mean defect perimeter

27
BU(K) ~U(K) = [ Blpo(Ks.0) = po(K.0)a0

» Mean number of vertices Efron-type relation

E(N(K))) = ME(A(Fo(Ky)) — A(Fo(K)))

27
~ 4)‘/ Po(K, 0)E(po(Kx,0) — po(K,0))d0

A—00



Second model

» D closed domain, o € int(D)
» Point process P} := (PA\|D NPy =0}
» Aim Asymptotics of the mean characteristics of the cell

CA(D) = C(o, Py U {o})



Result for the second model

» K: convex body such that F,(K) is the largest flower included in D
» D*: maximal starlike set included in D with a polar equation d(-) piecewise C3

C\(D) 5k pour la métrique de Hausdorff

E(A(CAD)) — A(K)  ~ ,\—%2—%3—%r(§) J(d(0) + d"(0))4d(6) 3o

EU(CA(D))) —U(K) ~ A—%z—%3—%r<§) [(d(6) + d"(6))3d(6)~5 do
EW(CA(D)) |~ 52733751 (2) [(d(0) + d"(6))3d(0)} a6
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Model

© R. Kunze (1985)

» M Riemannian manifold endowed with the distance d and the
volume measure vol(M)

» P, Poisson point process in M of intensity measure Avol(M)

» Voronoi cell associated with x € Py
CM(x,Py) ={y € M:d(x,y) < d(x,y)Vx' € Px}
Aim Study the mean geometrical characteristics of

C>(<M>)\ = CM)(x, P U {x0}), 0 € M fixed



Context

» Influence of the local geometry of M around xg on the
geometry of C(M)(xg, Py U {xo})

~» Need to do estimations at high intensity

» Conversely, information provided by the tessellation on the
geometry of M, both local (curvatures at xp) and global
(Gauss-Bonnet)

~» Need to show limit theorems in order to do a statistical
estimation



Previous works

Sk Hi
2-sphere of radius 1/k hyperbolic plane of curvature —k?

@© J. Diaz-Polo & I. Garay (2014) © |. Benjamini, E. Paquette & J. Pfeffer (2014)



Previous works

Si M
2-sphere of radius 1/k hyperbolic plane of curvature —k?
Mean area Mean area
2 82 1 _ 4w n ']—[2 1
E(ol D)) = 5 (1-e %) E(vol*D(C73)) = §
Mean number of vertices Mean number of vertices
Ch) 2 3k2
E(NM(ES)) E(MEGE)) =6+ =
X0 TA
=6— K + e % (6 + 3—/(2
— 7]')\ 7’(’A Y. Isokawa (2000)

R. E. Miles (1971)



Main result

Sc(XgVI) := scalar curvature of M at xg
When \ — oo,
ety =1, (L
Bl (Cop)) =3 +o Sz

1 1
EW(CM)) = en— dnScly” o ( f)

where e, = E(NV(C®") (o, Py U{0})) and d, are explicit.



Sketch of proof: preliminary calculation

EWN (™M)

X0,

=E Z z 1rp,—n)

{Xl,...,Xn}C'PA B circumball of X,...,Xn

~ A / P(creumail(X0, - - -  Xn) N Py = 0)dvol M (x1) . .. dvol M) (x,,)
BM)(xq,e)"

Aim  Estimates when xg,...,x, — xg of
volM)(CircumBall(xg, . .., xn)) and  dvol™)(x1)...dvolt™)(x,)

before applying Laplace's method



Sketch of proof: change of variables

r \\
M ““; expy, (ru)

Exponential map

For each unit-vector u € T, M, 7 : r — exp, (ru) is the unique
geodesic emanating from xp with speed 1 and 7/(0) = wu.

Change of variables x; = exp rui), i=1,....n

expy, (rup) (



Sketch of proof: asymptotics for the integrand

» Expansion of the Jacobian

dvol™)(x1) ... dvolM)(x,) = jdrdvol(Sn_l)(uo) e dvoI(Sn_l)(un)7

n - (M),
J = nlA(uo, - .., up) (r"21 _ LizoRick (Lj')r”2Jrl + o(r”QH))

6

Ric(xg/’)(u,-):: Ricci curvature at xg in direction uj, A(uo, .. ., up):= vol®)(Conv(ug, . . ., un))

» Volume of small balls

Theorem (Bertrand-Diguet-Puiseux)

volM (BM) (x4, 1)) = vol ®)(BE) (o, r)) (1 - S:XO r? 4+ o(r2)>



Limit theorems and estimation: expectation and variance

Aim Replace E(N(Ciévg)) with an empirical mean in the vicinity of xg
AT ZYEB(Xov\_ﬁ)ﬂP,\ ( (y,Pr)), 0<B8<1/n
E(N)(\M)) = ﬁn)\l—nﬁ(en —d, SC)((Q/’) )\—%) + o()\l—nﬁ—%)
—00
N(M) ~ n)\lfnﬁ -
Var(Ny ))\_)OO,Q o

where k,:= volume of the n-dimensional unit-ball

and oooi= EW(CS)) + / Cov(N(CE) (x, Py U {x 1), N(CE))dx.

o,1

~ (Nﬁ\M) - E(Nﬁ\M))) of order Var(N/(\M)), ie. )\%(1—"6)
must be negligible in front of the second term of E(N/(\M)))v e A\l—nB—2



Limit theorems and estimation: central limit theorem

O<5<%—%andn25

N =5 pion-mym, N (CM (v, Pa))

(M) _g (M)
o supeeg [P | B=ZUE) < ¢ ) — B(N(0,1) < 1)] < NI,
Var(Ny™)
~ 2
e Sca(xo) := )(‘T:(e,, - Hn)\}*nﬁ N&M))

is an asymptotically unbiased, consistent and normal estima-
(M)
tor of Scy, .



Sketch of proof

> Law of large numbers We require the uniformity of the
expansion of E(./\/(C)EO /\))) with respect to xp.

» Limiting variance Each Voronoi cell is influenced by the
1
points at distance of order A™» with high probability.

» Limiting variance 2 We apply the inverse of the exponential
map and a rescaling, then compare the tessellation with an
Euclidean Voronoi tessellation in R".

» Central limit theorem We use Stein's method and estimates
of the Malliavin derivatives for the central limit theorem.

G. Last, G. Peccati & M. Schulte (2016)



Thank you for your attention!
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