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The problem and its motivation

Let n ∈ N, there exists {n0, ..., nm} ∈ {0, 1}m+1 such that

n =
m∑

k=0
nk2k .

Define the sum-of-digit function in base 2, s2 :

∀n ∈ N, s2(n) =
m∑

k=0
nk ,

denote
n2 = nm...n0 ∈ {0, 1}∗

we are interested, for any parameters a ∈ N and d ∈ Z, in the following
equation :

s2(n + a)− s2(n) = d .
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The problem and its motivation

This quantity naturally appears in Bésineau’s work on the autocorrelation
of some arithmetic functions :

f : N → C
n 7→ e2iπαs2(n)

where α is a real parameter. The autocorrelation of f is the function γf
defined by :

∀a ∈ N, γf (a) = lim
N→+∞

1
N

N−1∑
n=0

f (n)f (n + a).
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The problem and its motivation

Theorem (Bésineau, 1971)
For any integer a, N can be partitioned in arithmetic progressions such
that n 7→ s2(n + a)− s2(n) is constant on every element of this partition.

Corollary
For any a ∈ N and d ∈ Z, the set Ea,d := {n ∈ N | s2(n + a)− s2(n) = d}
admits an asymptotic density named µa(d). Namely :

µa(d) = lim
N→+∞

#Ea,d ∩ {0, ...,N − 1}
N .

Remark that µa is a probability measure on Z.
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The problem and its motivation

We state a conjecture by Cusick. For any a ∈ N, denote ca :=
∑
d∈N

µa(d).

It is conjectured that:
∀a ∈ N, ca >

1
2

and
lim inf

a∈N
ca =

1
2 .

The results we expose here give only a partial answer.
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Combinatorial study of the main equation

Proposition
∀a ∈ N, ∀d ∈ Z, ∃S ⊂ {0, 1}∗ such that

s2(n + a)− s2(n) = d ⇔ ∃w ∈ {0, 1}∗, ∃s ∈ S, n2 = ws.

For all a ∈ N, there exists an infinite tree τa with edges labelled in
{0, 1} such that the prefixes can be read as paths on this tree.

Remark :

We can prove the first point by induction on a.
Any tree τa is computed via a simple inductive process.
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Combinatorial study of the main equation

Example : The solutions of the equation s2(n + 3)− s2(n) = 0

are, in binary:
0110
011
001.
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Computing µa and first asymptotic properties

Proposition
For every a ∈ N and d ∈ Z.

µ2a(d) = µa(d)

µ2a+1(d) =
1
2 (µa(d − 1) + µa+1(d + 1))

This can be seen by noticing that:

E2a,d = {2n + b, n ∈ Ea,d , b ∈ {0, 1}}

and
E2a+1,d = {2n, n ∈ Ea,d−1} ∪ {2n + 1, n ∈ Ea+1,d+1}
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Computing µa and first asymptotic properties

Denote µ̂a the Fourier transform of the measure µa, i.e.
∀θ ∈ [0, 2π), µ̂a(θ) =

∑
d∈Z

eidθµa(d).

Proposition
For any a ∈ N and any θ ∈ [0, 2π) :

µ̂2a(θ) = µ̂a(θ)

µ̂2a+1(θ) =
eiθ

2 µ̂a(θ) +
e−iθ

2 µ̂a+1(θ)

We can easily compute
µ̂0(θ) = 1

and
µ̂1(θ) =

eiθ

2− e−iθ
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Computing µa and first asymptotic properties

We get the following central property:

Proposition

Let a ∈ N s.t. a =
m∑

k=0
ak2k ,

∀θ ∈ [0, 2π), µ̂a(θ) =
(

1 0
)

Âa0(θ) · · · Âam−1(θ)Âam(θ)

(
µ̂0(θ)
µ̂1(θ)

)

where

∀θ ∈ [0, 2π), Â0(θ) :=

(
1 0

1
2 eiθ 1

2 e−iθ

)
, Â1(θ) :=

(
1
2 eiθ 1

2 e−iθ

0 1

)
.
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Computing µa and first asymptotic properties

Definition
For any a in N, denote l(a) the number of occurrences of 01 in the binary
expansion of a.

Theorem (E, Prikhod’ko 2015)
There exists C > 0 s.t.:

∀a ∈ N, ‖µa‖l2(Z) ≤ C (l(a))−
1
4

Proof :
In order to prove this theorem we study the Fourier transform µ̂a of µa.

J. Emme, A. Prikhodko, P. HubertDensity of sets defined by sum-of-digits function in base 2 25 janvier 2017 12 / 22



Computing µa and first asymptotic properties

Definition
Let’s define the algebraic norm ‖ · ‖1 on n × n matrices :

‖A‖1 = max
1≤j≤n

n∑
i=1
|ai ,j |.

Lemma
For all θ ∈ [−π, π),

‖Â0(θ)‖1 = ‖Â1(θ)‖1 = ‖Â0(θ)Â1(θ)‖1 = ‖Â1(θ)Â0(θ)‖1 = 1

‖Â0(θ)Â1(θ)Â0(θ)‖1 = ‖Â1(θ)Â0(θ)Â1(θ)‖1 = φ(θ) ≤ e−θ2/15.

and for any k ∈ N∗

‖Â0(θ) (Â1(θ))
k Â0(θ)‖1 ≤ ‖Â0(θ) Â1(θ) Â0(θ)‖1
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Computing µa and first asymptotic properties

Applying the lemma to half of the patterns Â0(θ) (Â1(θ))
k Â0(θ)

encountered in the matricial expression of µ̂a yields :

|µ̂a(θ)| ≤ φ
l(a)−1

2 (θ)

which in turn implies

‖µ̂a‖2 ≤
( 15π

l(a)− 1

)1/4

and proves the theorem.

2
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Computing µa and first asymptotic properties

Theorem (E, Prikhod’ko 2015)
For any a, µa is centered and its variance denoted Var(µa) satisfies:

l(a)− 1 ≤ Var(µa) ≤ 4l(a) + 2

Question : For a given sequence (an)n∈N such that lim
n→+∞

l(an) = +∞,

what can we say about
(

Var(µan )
l(an)

)
n∈N

?
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A central limit theorem

Let X ∈ {0, 1}N. Define the associated sequence (aX (n))n∈N by:

∀n ∈ N, aX (n) =
n−1∑
k=0

Xk2k .

Let P be the symmetric Bernoulli measure {0, 1}N. We have the following:

Theorem (E, Hubert 2016)
There exists U ⊂ {0, 1}N such that P(U) = 1 and, defining for every
X ∈ U , n ∈ N, δ ∈

√
2
nZ, the renormalised measure

µ̃aX (n)(δ) = µaX (n)(
√

n
2δ), we get:

µ̃aX (n) ⇀
n→∞

ϕ

where
∀t ∈ R, ϕ(t) = 1√

2π
e−

t2
2 .
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A central limit theorem

First we compute Var(µa):

Proposition

For any a ∈ N with a2 = an...a0, define, for any
j ∈ {0, ..., n}, bj = (−1)aj+1. Then the variance of µa is:

Var(µa) =
n + 3

2 − 1
2n+1 −

1
2

n∑
i=1

n−i∑
k=0

bk+i bk
2i +

n∑
k=0

bk + bn−k
2k+1 .

So for a generic X for the measure P, we see that:

Var
(
µaX (n)

)
∼ n

2

Proof:
We start by computing the Taylor expansion of µ̂a near 0.
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A central limit theorem

Indeed, we have:

Âj(θ) = Ij + iθαj −
1
2θ

2βj + O(θ3).

with j ∈ {0, 1} and the matrices playing a role in the Taylor expansion of
µ̂a near 0 being:

I0 =

(
1 0
1
2

1
2

)
, α0 =

1
2

(
0 0
1 −1

)
, β0 =

1
2

(
0 0
1 1

)
,

I1 =

(
1
2

1
2

0 1

)
, α1 =

1
2

(
1 −1
0 0

)
, β1 =

1
2

(
1 1
0 0

)
.

Notice that the Taylor expansion near 0 of θ 7→ e−iθ

2−eiθ is:

eiθ

2− e−iθ = 1− θ2 + O(θ3).
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A central limit theorem

The variance is given by:

Var(µa) =
(

1 0
)((

βa0 + Ia0βa1 + ...+ Ia0 ...Ian−1βan

)(1
1

)
+ Ia0 ...Ian

(
0
2

))
.

since
αj

(
1
1

)
= 0

and
Ij
(

1
1

)
=

(
1
1

)
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A central limit theorem

We apply a change of basis to simultanously trigonalize the matrices I0
and I1.
Let us note

P :=

(
1 1
−1 1

)
, P−1 =

1
2

(
1 −1
1 1

)
and compute

∀j ∈ {0, 1}, PIjP−1 =

(
1 (−1)j+1

2
0 1

2

)
, PβjP−1 =

( 1
2 0

− (−1)j+1

2 0

)

and

P
(

1
1

)
=

(
2
0

)
, P

(
0
2

)
=

(
2
2

)
,
(

1 0
)

P−1 =
(

1
2 −1

2

)
.

J. Emme, A. Prikhodko, P. HubertDensity of sets defined by sum-of-digits function in base 2 25 janvier 2017 20 / 22



A central limit theorem

Idea of proof for the Central Limit Theorem:
Do a preliminary study of which terms might contribute after the
renormalization
Compute explicitly the important terms after renormalization
Estimate the correlations almost everywhere in order to get a limit
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Thank you for your attention.
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